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Abstract
We calculate a number of observables related to particle-antiparticle mixing and the
branching ratios for the most interesting rare and CP-violating K and B decays in the
Standard Model (SM3) extended by a fourth generation of quarks and leptons (SM4).
A model-independent parametrisation of these observables in terms of gauge-independent
functions is adopted, which is useful for studying the breaking of the universality between
K, Bd and Bs systems through non-minimal flavour violating interactions. We calculate
first the mass differences ∆Mi in the neutral K and B systems, the mixing-induced CP
asymmetries SψKS , Sψφ, SφKS , Sη′KS and εK . Subsequently, a detailed analysis of K
+ →
pi+νν¯, KL → pi0νν¯, Bs,d → µ+µ−, B → Xs,dνν¯, KL → pi0`+`−, B → Xsγ and B →
Xs,d`
+`− is presented, and also ε′/ε is considered. For some of these observables the
departures from SM3 predictions can still be spectacular.
We discuss how the new mixing parameters (3 angles, 2 CP phases) can be deter-
mined using the flavour observables in question. We identify the different hierarchical
structures in the SM4 flavour mixing matrix, allowed by phenomenological and theoret-
ical constraints, and define the corresponding generalised Wolfenstein expansion. Most
importantly, we show how the characteristic patterns of correlations among the considered
flavour observables allow to distinguish this New Physics scenario from supersymmetric
flavour models, the Littlest Higgs model with T-parity and the Randall-Sundrum model
with custodial protection. Of particular importance are the correlations involving Sψφ,
SφKS , Br(K
+ → pi+νν¯), Br(KL → pi0νν¯) and Br(Bs,d → µ+µ−), which could in principle
rule out the SM4. Interestingly ε′/ε turns out to be suppressed below the data for large
positive values of Sψφ unless the relevant hadronic matrix elements differ strongly from
the large N results. The important role of ε′/ε in bounding large enhancements of rare K
decay branching ratios is reemphasised. We also show how the existing anomalies in the
unitarity triangle fits as well as in Sψφ and SφKS can be simultaneously explained in the
SM4 scenario.
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1 Introduction
One of the simplest extensions of the Standard Model (hereafter referred to as SM3) is
the addition of a sequential fourth generation (4G) of quarks and leptons [1] (hereafter
referred to as SM4). While the setup we are considdering here (e.g. perturbative Yukawa
couplings) does not address any of the known hierarchy and naturalness problems, if
present in nature, a 4G is likely to have a number of profound implications that makes
it interesting to consider. These are:
1. While being consistent with electroweak precision data (EWPT) [2–7], a 4G can
remove the tension between the SM3 fit and the lower bound on the Higgs mass
mH from LEP II. Indeed, as pointed out in [3, 5, 8], a heavy Higgs boson does not
contradict EWPT as soon as the 4G exists.
2. SU(5) gauge coupling unification could in principle be achieved without supersym-
metry [9], although the present lower bound on the masses of 4G quarks and the
appearance of Landau poles in Yukawa couplings well below the GUT scales practi-
cally excludes this possibility if one wants to stay within a perturbative framework
at short-distance (SD) scales.
3. Electroweak baryogenesis might be viable [10–12].
4. Most importantly, from the point of view of the present paper, certain anomalies
present in flavour-changing processes could in principle be resolved [13–15].
5. The structure of the lepton sector in the SM4 can be interesting as shown recently
in [16]: a heavy (mostly Dirac) 4G neutrino in addition to very light (mostly Ma-
jorana) neutrinos can be obtained in a setup with electroweak symmetry breaking
in warped extra dimensions.
On the other hand there are scenarios where a fourth generation might trigger dynamical
breaking of electroweak symmetry [17–23]. However since it is in the very nature of non-
perturbative Yukawa couplings to defy direct calculations there is until now no explicit
model for this scenario.
There is a rich literature on the implications and phenomenology of the SM4. Reviews
and summary statements can be found in [1, 24]. In particular during the last years,
a number of analyses were published with the goal to investigate the impact of the
existence of a 4G on Higgs physics [5], electroweak precision tests [4–7] and flavour
physics [13–15,25–28]. In this context, Bobrowski et al. [27] have studied the constraint
on the mixing between the fourth and third generation by using FCNC processes, and
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Chanowitz [6] by using global fits to EWPT. Interesting bounds on this mixing could be
derived in this manner. We will address these bounds in the course of our analysis.
Detailed analyses of supersymmetry in the presence of a 4G have recently been per-
formed in [29, 30]. These analyses show that the marriage of SUSY with the SM4 is
rather challenging because of Landau poles in Yukawa couplings present at relatively
low scales. The last paper contains a good up to date collection of references to papers
on the SM4.
In the present paper we will take a different strategy by considering, in addition to
∆F = 2 transitions and B → Xsγ and B → Xs`+`− decays as done in [15,27], also rare
K and B decays, as considered in [13], on which new data will be available in the coming
decade. In particular,
i) We will establish a number of correlations between various observables that should
allow us to distinguish this NP scenario from the Littlest Higgs model with T-
parity (LHT), the Randall-Sundrum model with custodial protection (RSc) and
supersymmetric flavour models that have been analysed in [31–36] recently. We
will also carefully study how these correlations depend on the size of the 4G mixing
angles and phases.
ii) For the most interesting observables, we will investigate the departures from models
with (constrained) minimal flavour violation ((C)MFV), taking into account all
existing constraints.
iii) We will demonstrate transparently how certain anomalies observed in the unitarity
triangle fits and in the CP asymmetries Sψφ and SφKS can be resolved simultane-
ously and how these solutions affect other observables.
iv) We will address the question how the additional five parameters of the 4× 4 quark
mixing matrix, θ14, θ24, θ34, δ14 and δ24, could — in principle — be determined
by means of the mixing-induced CP asymmetries Sψφ and SψKS , the B
0
d,s − B¯d,s
mixing mass differences ∆Md,s, K and the branching ratios for the rare decays
K+ → pi+νν¯, KL → pi0νν¯, Bs,d → µ+µ−, B → Xsνν¯.
v) On the theoretical side, we will discuss how the SM4 can be understood as a par-
ticular realisation of a next-to-minimal flavour violation scenario. This introduces
certain consistency conditions between the SM3 and SM4 mixing angles which
can be used to eliminate “fine-tuned” values in parameter space. The remaining
cases can be classified according to the scaling of the 4G mixing angles with the
Cabibbo angle, and for each individual case an SM4 generalisation of the Wolfen-
stein parametrisation can be constructed.
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Our paper is organised as follows: In Section 2, we discuss the flavour symmetries
in the SM4, provide the 4 × 4 quark mixing matrix and address the question of possi-
ble hierarchies between the 4G mixing angles. In Section 3, we generalise the effective
weak Hamiltonians to the SM4. In Section 4, we compile basic formulae for FCNC
processes considered in our paper. As the SM4 goes beyond MFV, but the operator
structure of the SM3 effective Hamiltonian remains intact, it is very efficient to in-
troduce – as done in the LHT model [31–33] – generalised complex master functions
Si, Xi, Yi, Zi, D
′
i, E
′
i, Ei, (i = K, d, s), that enter the expressions for various observ-
ables. On the one hand, in the absence of the 4G, these functions reduce to the SM3
flavour-universal functions S0, X0, Y0, Z0, D
′
0, E
′
0 and E0. On the other hand, using
these functions, non-MFV effects in this model can be very transparently compared to
those found in the LHT model.
In Section 5, we summarise the insights gained by other authors, who studied in
particular the impact of the 4G on the electroweak precision observables. In Section 6, we
will summarise our strategy for the phenomenological analysis of the SM4. In Section 7,
we present a detailed global numerical analysis, using the formulae of previous sections.
In particular, we identify a number of correlations between various observables, and we
estimate approximate upper bounds on several CP asymmetries and branching ratios. In
Section 8, we study the anatomy of flavour effects in the SM4 scenario. In this context,
we address the most important phenomenological anomalies found in the present flavour
data.
In Section 9, we outline an efficient procedure how to constrain the new mixing angles
θ14, θ24, θ34 and the new phases δ14 and δ24 from
Sψφ , SψKS , ∆Md,s , K ,
Br(K+ → pi+νν¯) , Br(KL → pi0νν¯) , Br(Bs,d → µ+µ−) , Br(B → Xs,dνν¯) . (1.1)
For this purpose, we will provide a classification of the 4G mixing parameters which
allows us to connect the different patterns found in flavour observables to particular
properties of the 4G mixing angles and CP phases. Finally, in Section 10, we summarise
our main findings. Here we will also compare the patterns of flavour violation in the
SM4 with those found in supersymmetric flavour models, the LHT model and the RSc
model. An appendix collects the one-loop functions used in our paper.
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2 The 4× 4 Mixing Matrix VSM4
2.1 Yukawa Couplings and (Approximate) Flavour Symmetries
The SM4 quark Yukawa sector involves two 4× 4 Yukawa matrices,
− LYuk = Q¯L Y SM4U H˜ UR + Q¯L Y SM4D H DR + h.c. . (2.1)
Following [37], we identify the Yukawa couplings as spurions, being the (only) sources
for the breaking of the flavour symmetry in the SM4,
GSM4F = SU(4)QL × SU(4)UR × SU(4)DR × U(1)UR × U(1)DR , (2.2)
where we have divided out one U(1) factor corresponding to the conserved baryon num-
ber. Under the flavour symmetry, the Yukawa spurions transform as
Y SM4U ∼ (4, 4¯, 1)1,0 , Y SM4D ∼ (4, 1, 4¯)0,1 . (2.3)
As in the SM3 case (see also [38–40]), the counting of symmetry generators (related to 18
angles + 29 phases) vs. complex Yukawa entries (32 + 32) gives the number of physical
parameters
14 + 3 = 8 masses + 6 angles + 3 phases ,
i.e. 2 additional masses, 3 additional angles and 2 additional phases compared to the
SM3 case.
Alternatively, we can consider the flavour symmetries from the SM3 point of view:
Taking only the large t′ and b′ Yukawa couplings into account, the effective flavour
symmetry is
GSM3eff = SU(3)QL × SU(3)UR × SU(3)DR × U(1)UR × U(1)DR × U(1)Q′ , (2.4)
which, compared to the SM3 case, involves an additional U(1)Q′ symmetry, since –
without mixings involving the first three generations – the 4G quark number is approx-
imately conserved. The mixings between the fourth and the first three generations can
be parametrised by an SU(3)QL triplet which is charged under the U(1)Q′ ,
χL ∼ (3, 1, 1)0,0,1 . (2.5)
Of the six independent entries of χL, one phase is unobservable due to the U(1)Q′ sym-
metry, leaving exactly the additional 3 mixing angles and 2 CP-violating phases of the
SM4. The remaining parameters for the first three generations are contained in SM3
Yukawa matrices
Y SM3U ∼ (3, 3¯, 1)1,0,0 , Y SM3D ∼ (3, 1, 3¯)0,1,0 . (2.6)
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The so-defined SM4 thus provides a particular example of the next-to-minimal flavour
violating construction discussed in [41], with new non-minimal flavour structures gen-
erated by means of the χL spurion. Using a non-linear parametrisation (as it has been
used for the SM3 case in [42,43]),
Y SM4U = ξ
†
L
 Y
SM3
U
0
0
0
0 0 0 yt′
 , Y SM4D = ξL
 Y
SM3
D
0
0
0
0 0 0 yb′
 , (2.7)
we introduce the 4× 4 matrix
ξL = exp
i

0 0 0
0 0 0
0 0 0
χL
χ†L 0

 . (2.8)
It transforms as VQLξLV
†
QL
where VQL contains an SU(3)QL block matrix for the SM3
generations, while the 4G fields remain constant. The consistency conditions discussed
in [41] translate into
|(χL)i||(χL)j| . θij , (i, j = 1 . . . 3)
⇔ θikθjk . θij (i, j, k = 1 . . . 4) (2.9)
where no summation over ”k” is understood. Here θ12 ∼ λ, θ23 ∼ λ2, θ13 ∼ λ3 are the
SM3 mixing angles and θi4 the 4G mixing angles (see below). Notice that for the SM3
case, one has one of the inequalities (2.9) saturated,
θ12θ23 ∼ θ13 , but θ12θ13  θ23 , θ13θ23  θ12 . (2.10)
A particular way to realise the constraints (2.9) is to consider a simple Froggatt-
Nielsen (FN) setup [44], where the scaling of the mixing angles is controlled by different
U(1) charge factors bi for the left-handed doublets of different generations, leading to
θij ∼ λ|bi−bj | . (2.11)
Here λ is given by the VEV of some U(1)-breaking scalar field divided by a large UV-
scale. The triangle inequalities for |bi − bk| + |bk − bj| then guarantee that (2.9) always
holds. Since (2.11) only involves charge differences, we may set b4 ≡ 0, while the charges
b1−3 and the related 4G mixing angles are not completely fixed. However, we can identify
certain benchmark cases which may later be compared with the phenomenological con-
straints from EWPT, tree-level decays and rare decays of SM3 quarks: Scenarios with
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some 4G mixing angles being of order O(1) are already ruled out by EWPT [4, 6] and
tree-level quark decays (see below). Among the interesting scenarios with sufficiently
small mixing angles, we identify:
(a) b3 = 1, b2 = 3, b1 = 4: ⇒ VSM4 ∼

1 λ λ3 λ4
λ 1 λ2 λ3
λ3 λ2 1 λ
λ4 λ3 λ 1
 , (2.12)
which yields a very symmetric scaling pattern for the 4G mixing matrix, and shares the
feature of the SM3 CKM matrix that more off-diagonal elements get smaller. Notice that
of the 9 inequalities in (2.9) involving the 4G mixing angles, 3 are saturated, namely
(a) θ12θ24 ∼ θ13θ34 ∼ θ14 , θ24 ∼ θ23θ34 . (2.13)
Scenarios with even smaller mixing angles (θi4 → λnθi4) can simply be obtained from
(2.12) by increasing b1−3 → b1−3 + n. An FN example for a scenario with (relatively)
large 4G mixing angles is given by
(b) b3 = 1, b2 = −1, b1 = −2: ⇒ VSM4 ∼

1 λ λ3 λ2
λ 1 λ2 λ
λ3 λ2 1 λ
λ2 λ λ 1
 , (2.14)
In this case, the saturated inequalities are
(b) θ14θ34 ∼ θ13 , θ24θ34 ∼ θ23 , θ12θ24 ∼ θ14 . (2.15)
For later use, we further identify two interesting non-FN scenarios. The first one is
given by
(c) VSM4 ∼

1 λ λ3 λ2
λ 1 λ2 λ3
λ3 λ2 1 λ
λ2 λ3 λ 1
 with θ14θ34 ∼ θ13 , θ12θ14 ∼ θ23θ34 ∼ θ24 . (2.16)
In this case, the SM4 mixing matrix takes a very symmetric form, where the mixing
angle θ14 between the fourth and first generation is larger than θ24. Finally, for
(d) VSM4 ∼

1 λ λ3 λ3
λ 1 λ2 λ2
λ3 λ2 1 λ
λ3 λ2 λ 1
 with θ12θ24 ∼ θ14 (2.17)
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we encounter the situation that the mixing of the fourth and third generation with the
first and second one is similar in size, θ13 ∼ θ14, θ23 ∼ θ24.
Depending on which of the inequalities (2.9) are saturated, the effects of the 4G on
CP-violating observables can be quite different. The different scaling of the 4G mixing
angles will thus provide a useful tool to classify different scenarios in the anatomy for
flavour observables, which will be further discussed in Section 9.3.
2.2 Parametrisation of VSM4
We will use a standard parametrisation of the SM4 mixing matrix from [45, 46], which
has also been used in [27]. Defining
sij = sin θij , cij = cos θij , (2.18)
we have for the generalised 4× 4 mixing matrix VSM4:
c12c13c14 c13c14s12 c14s13e
−iδ13 s14e−iδ14
−c23c24s12 − c12c24s13s23eiδ13 c12c23c24 − c24s12s13s23eiδ13 c13c24s23 c14s24e−iδ24
−c12c13s14s24ei(δ14−δ24) −c13s12s14s24ei(δ14−δ24) −s13s14s24e−i(δ13+δ24−δ14)
−c12c23c34s13eiδ13 + c34s12s23 −c12c34s23 − c23c34s12s13eiδ13 c13c23c34 c14c24s34
−c12c13c24s14s34eiδ14 −c12c23s24s34eiδ24 −c13s23s24s34eiδ24
+c23s12s24s34e
iδ24 −c13c24s12s14s34eiδ14 −c24s13s14s34ei(δ14−δ13)
+c12s13s23s24s34e
i(δ13+δ24) +s12s13s23s24s34e
i(δ13+δ24)
−c12c13c24c34s14eiδ14 −c12c23c34s24eiδ24 + c12s23s34 −c13c23s34 c14c24c34
+c12c23s13s34e
iδ13 −c13c24c34s12s14eiδ14 −c13c34s23s24eiδ24
+c23c34s12s24e
iδ24 − s12s23s34 +c23s12s13s34eiδ13 −c24c34s13s14ei(δ14−δ13)
+c12c34s13s23s24e
i(δ13+δ24) +c34s12s13s23s24e
i(δ13+δ24)

.
(2.19)
In the limiting case of vanishing mixing with the 4G quarks, the standard parametrisation
of the CKM matrix is recovered. Note that in (2.19), just as in the SM3 case, all angles θij
can be chosen to lie in the interval [0, pi/2]. This can be shown in the following way [47]:
In the above parametrisation, VSM4 is a product of six matrices Vij ∈ SU(2) , i, j =
1, ..., 4, consecutively mixing the different quark generations. The phases of each of
these matrices can be factored out via
Vij = Ii(α)V¯ijIi(β)Ij(γ) = Ij(α
′)V¯ijIi(β′)Ij(γ′)
= Ii(α
′′)Ij(β′′)V¯ijIi(γ′′) = Ii(α′′′)Ij(β′′′)V¯ijIj(γ′′′) , (2.20)
where
[Ii(α)]jk = δj,ke
iαδi,j (2.21)
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are phase operators and V¯ij are SO(2) rotation matrices with angles θij in the interval
[0, pi/2]. Each of the four sets of angles in (2.20) obeys one relation α + β + γ = 0 etc.,
such that each Vij has three parameters. Clearly, with 6× 3 parameters VSM4 must have
9 redundant phases. However, these unphysical phases will either cancel or be rotated
away by quark field redefinitions. To see this, write VSM4 as
VSM4 = V34V24V14V23V13V12 , (2.22)
factor out the phases as done in (2.20), and re-arrange the phase operators in that
expression, repeatedly using [Ii(α), Ij(β)] = 0 and (2.20). In doing so, all but three of
those operators can be moved to the extreme left or right of VSM4, where they can be
absorbed into phase redefinitions of the quark fields, such that one ends up with the
standard parametrisation
VSM4 = V¯34I4(δ24)V¯24I4(−δ24)I4(δ14)V¯14I4(−δ14)V¯23I3(δ13)V¯13I3(−δ13)V¯12 , (2.23)
with all angles θij in [0, pi/2] and phases δij in [0, 2pi].
While it is advisable to use this exact parametrisation in numerical calculations, its
structure turns out to be much simpler than its appearance in (2.19). Indeed, from the
tree level measurements of |Vud|, |Vus|, |Vub|, |Vcd|, |Vcs| and the unitarity of VSM4, we
know already that cij ≈ 1 and that s14 and s24 are not larger than s12 [5]. On the other
hand, from the global fits of the precision electroweak data one finds s34 ≤ 0.35 [4, 6].
Our refined analysis of the implications of tree level measurements and of VSM4 unitarity
in Section 7 combined with the results of [6] leads to the upper bounds
s14 ≤ 0.04 , s24 ≤ 0.17 , s34 ≤ MW
mt′
≤ 0.27 , (2.24)
that we will adopt in our paper. This particularly implies a decrease of the upper
bound on s34 with increasing mt′ [6]. The maximal value of s34 in (2.24) corresponds to
mt′ = 300 GeV. In order to be consistent with EWPT, one should choose the b
′ mass to
be [5]
mb′ ≈ mt′ − 55 GeV . (2.25)
However, mb′ will not enter B and K observables and therefore is not crucial for our
analysis.
In the limit cij ≈ 1, as indicated above, the six mixing angles are directly determined
by the moduli of the off-diagonal elements in the upper right corner of VSM4:
s12 ' |Vus| , s13 ' |Vub| , s23 ' |Vcb| ,
s14 ' |Vub′| , s24 ' |Vcb′| , s34 ' |Vtb′ | . (2.26)
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For a given scaling of the 4G mixing angles — like in our benchmark scenarios (2.12)–
(2.17) — the subleading terms of VSM4 can then be characterised in terms of a generalised
Wolfenstein expansion [48,49].
λ ≡ s12 , s23 ≡ Aλ2 , s13eiδ13 ≡ Aλ3(ρ+ iη) ≡ Aλ3 zρ (2.27)
for the SM3 parameters, and
s14e
iδ14 = λn1zτ , s24e
iδ24 = λn2zσ , s34 = λ
n3B , (2.28)
where A, B, zi, z
∗
i are coefficients of order one, and the exponents ni depend on the
scaling of the 4G mixing angles.
• For instance, in the case (2.12) we obtain the expansion of VSM4 as
1− λ22 λ λ3Az∗ρ 0
−λ 1− λ22 λ2A λ3z∗σ
λ3A(1− zρ) −λ2A 1− λ22 B2 λB
0 λ3 (AB − zσ) −λB 1− λ22 B2

+λ4

− 18 0 0 z∗τ
0 − 18
(
1 + 4A2
)
0 0
0
(
1
2A(1 +B
2 − 2zρ)−Bzσ
) − 18 (4A2 +B4) 0
(AB(zρ − 1) + zσ − zτ ) 0 0 −B48
+O(λ5) .
(2.29)
Here, we included terms up to order λ4, where Vts receives an additional imaginary
part from the 4G parameter zσ, while the other off-diagonal elements of the effective
3× 3 CKM sub-matrix keep their SM3 expansion at this order.
• On the other hand, in the case of (2.14), we obtain the expansion
1− λ22 λ λ3Az∗ρ λ2z∗τ
−λ 1− λ22
(
1 + |zσ|2
)
λ2A λz∗σ
λ3A(1− zρ) −λ2 (A+Bzσ) 1− λ22 B2 λB
λ2 (−zτ + zσ) −λzσ −λB 1− λ22
(|zσ|2 +B2)

+λ3

0 0 0 0
1
2
(−2zτz∗σ + |zσ|2) 0 0 0
B(−zτ + zσ) 0 0 − 12B|zσ|2
0 12
(
zσ(1 +B
2) + 2AB − 2zτ
) −Azσ 0
+O(λ4)
(2.30)
This reveals that, in this case, Vts and Vtd receive order-one CP-violating phases
from zσ and (zσ − zτ ), respectively. The associated CP-violating observables will
thus strongly constrain the magnitude of δ14 and δ24 in a correlated way, which we
will verify numerically in Section 9.3.
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• Similarly, for (2.16), the generalised Wolfenstein expansion reads
1− λ22 λ λ3Az∗ρ λ2z∗τ
−λ 1− λ22 λ2A λ3z∗σ
λ3 (A(1− zρ)−Bzτ ) −λ2A 1− λ22 B2 λB
−λ2zτ λ3 (AB − zτ − zσ) −λB 1− λ22 B2
 +O(λ4) (2.31)
In this case, Vtd receives a new phase from zτ at leading order.
• Finally, for (2.17), the SM4 mixing matrix is approximated as
1− λ22 λ λ3Az∗ρ λ3z∗τ
−λ 1− λ22 λ2A λ2z∗σ
λ3A(1− zρ) −λ2 (A+Bλzσ) 1− λ22 B2 λB
λ3(zσ − zτ ) λ2 (λAB − zσ) −λB 1− λ22 B2
 +O(λ4) (2.32)
In this case, the new contributions to the phases of Vtd and Vts, compared to the
SM3 parametrisation, are suppressed by an additional power of the Wolfenstein
parameter λ.
While approximations like (2.29–2.32) will not be used in our actual numerical calcula-
tions, they reveal the different potential for new CP-violating effects as discussed below.
Finally, it should be remarked that other parameterisations of VSM4 can be found in
the literature. One of them is the parameterisation in [50] in which the 4th row, i.e. Vt′d,
Vt′s and Vt′b, are identified with the 3 new rotation angles and two new phases. While such
a choice is certainly valid, we follow other recent studies and use the parameterisation
presented above, which has the benefit of keeping the first row simple.
2.3 Unitarity
In writing the formulae for the observables of interest, it is useful to use the unitarity of
the matrix VSM4. To this end, we define the factors (i = u, c, t, t
′)
λ
(K)
i = V
∗
isVid , λ
(d)
i = V
∗
ibVid , λ
(s)
i = V
∗
ibVis . (2.33)
The unitarity relations are then written as
λ(K)u + λ
(K)
c + λ
(K)
t + λ
(K)
t′ = 0 , (2.34)
with analogous expressions for the Bd and Bs system. Relation (2.34) allows to eliminate
λ
(K)
u so that only λ
(K)
c , λ
(K)
t and λ
(K)
t′ enter the final expressions. We summarise the
scaling of λK,d,si compared to the SM3 expressions for our four benchmark scenarios in
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Scenario n1n2n3 (a) 431 (b) 211 (c) 231 (d) 321
Im
[
λ
(d)
t /λ
(d)
t |SM
]
' −Im
[
λ
(d)
t′ /λ
(d)
t |SM
]
O(λ2) O(1) O(1) O(λ)
Im
[
λ
(s)
t /λ
(s)
t |SM
]
' −Im
[
λ
(s)
t′ /λ
(s)
t |SM
]
O(λ2) O(1) O(λ2) O(λ)
Im
[
λ
(K)
t /λ
(K)
t |SM
]
O(λ2) O(1) O(1) O(λ)
Im
[
λ
(K)
t′ /λ
(K)
t |SM
]
O(λ2) O(λ−2) O(1) O(1)
Im
[
λ
(d)
c /λ
(d)
c |SM
]
' Im
[
λ
(K)
c /λ
(K)
c |SM
]
O(λ6) O(λ2) O(λ4) O(λ4)
Im
[
λ
(s)
c /λ
(s)
c |SM
]
O(λ8) O(λ4) O(λ6) O(λ6)
Table 1: Scaling of new 4G-induced flavour coefficients in CP-violating observables for
different benchmark scenarios.
Table 1. As a general feature, we observe the approximate relations between the 4G
contributions to the flavour coefficients with t and t′,
Im
[
λ
(d)
t /λ
(d)
t |SM
]
' −Im
[
λ
(d)
t′ /λ
(d)
t |SM
]
, (2.35)
Im
[
λ
(s)
t /λ
(s)
t |SM
]
' −Im
[
λ
(s)
t′ /λ
(s)
t |SM
]
. (2.36)
Furthermore, the 4G effects on the light-quark coefficients λ
(d,s,K)
c are always strongly
suppressed.
Depending on the respective scenario, this has a different impact on CP-violating
observables, for instance for the mixing-induced CP asymmetries SψKS and Sψφ:
(a) For the scenario (2.12), the 4G contributions in Table 1 are suppressed by at least
order λ2. Therefore, the mixing-induced asymmetry SψKS will be dominated by
the argument of λ
(d)
t , and similarly Sψφ will be dominated by arg(λ
(s)
t ), allowing
only for small deviations compared to the SM3 analysis.
(b) The situation is completely different in the case (2.14), where the modifications
from 4G to λ
(d,s)
t,t′ and λ
(K)
t are generically of O(1), and to λ(K)t′ even of order λ−2.
For λ
(s)
t′ /λ
(s)
t ∼ O(1), one might be worried about sizable corrections to SψKS from
t′-penguin pollution, because, in contrast to the SM3, the interference effects from
weak phases in the b→ s transition are no longer Cabibbo-suppressed. In spite of
the fact that the new contributions are GIM-suppressed, without further hadronic
input, we cannot exclude corrections as large as 10% to SψKS . In this case, the
experimental bound from SψKS will be a bit softer.
The constraints from SψKS and K then favour solutions of
Im
[
λ
(d)
t,t′/λ
(d)
t |SM
]
≈ λ2Im
[
λ
(K)
t′ /λ
(K)
t |SM
]
≈ 0 , (2.37)
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which translates into strong correlations for the 4G mixing parameters, implying
(b) ⇒ s14 ≈ s12s24 , δ14 ≈ δ24 ,∣∣∣Im [λ(s)t,t′/λ(s)t |SM]∣∣∣ ≈ ∣∣∣Im [λ(K)t /λ(K)t |SM]∣∣∣ ≈ s24s34 |sin δ14|s23 .(2.38)
The last relation will lead to strong correlations between b → s and rare kaon
decay observables.
(c) For (2.16), only the phase of Vtd is affected by leading-order 4G modifications, and
therefore the b→ s observables are not very much affected, while the modifications
in b→ d and s→ d CP observables are constraining the two independent quantities
Im
[
λ
(K)
t′ /λ
(K)
t |SM
]
and Im
[
λ
(d)
t,t′/λ
(d)
t |SM
]
≈ Im
[
λ
(K)
t /λ
(K)
t |SM
]
(2.39)
(d) Finally, in the case (2.17), the modifications from 4G to λ
(d,s)
t,t′ and λ
(K)
t are of
O(λ), and to λ(K)t′ of O(1). On the one hand — compared to (b) — this leads to
somewhat relaxed correlations between the 4G mixing parameters. On the other
hand, it leaves room for moderate deviations from SM3 predictions.
These general type of observations will be verified numerically in Section 9.3.
2.4 CP-violating Invariants
The amount of CP violation in the quark Yukawa sector – which is relevant for the
discussion of the baryon-antibaryon asymmetry [10] – can be quantified by studying
appropriate basis-independent invariants built from the Yukawa matrices. The generali-
sation of the well-known Jarlskog determinant [51,52] to the SM4 case has, for instance,
been discussed in [53]. In the limit m2u,d,s,c  m2b  m2t,b′,t′ , and restricting ourselves to
scenarios that fulfil the inequalities (2.9), the invariants reduce to one new CP-violating
quantity,
I1 = Im tr
[
(YUY
†
U)
2(YDY
†
D)(YUY
†
U)(YDY
†
D)
2
]
' −m2bm2tm4b′m2t′(m2t′ −m2t ) (F2323 + F1313 + F2313 + F1323)
' m2bm2tm4b′m2t′(m2t′ −m2t )
{
− s23s24s34 sin δ24 ,
s34 (s13s14 sin(δ13 − δ14)− s23s24 sin δ24) ,
(2.40)
which can be related to the area of a quadrangle in the complex plane, described by the
functions
Fijkl = Im
(
VikV
∗
jkV
∗
ilVjl
)
.
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The first line in (2.40) refers to scenarios with s24 & s14, like (2.12,2.14,2.17). The second
line is valid for s24 ∼ λ s14, like in case of (2.16). It has been stressed in [10] that the
quark mass-dependent prefactor in (2.40) can lead to an enhancement of several orders
of magnitude compared to the SM3 analogue.
The overall scaling with the Wolfenstein parameter λ is given by I1 ∼ λ2+n2+n3 , which
can be as large as λ4 for scenario (2.14). For the benchmark scenario (2.17) one obtains
I1 ∼ λ5, whereas (2.12,2.16) would lead to I1 ∼ λ6. As we will illustrate in the numerical
section below, the dependence of I1 on the SM4 mixing parameters is directly correlated
with the size of Sψφ.
3 Effective Hamiltonians in the SM4
3.1 Effective Hamiltonians for ∆F = 2 Transitions
The effective Hamiltonian for ∆S = 2 transitions can be written as
H∆S=2eff =
G2F
16pi2
M2W
[
λ2(K)c η
(K)
cc S0(xc) + λ
2(K)
t η
(K)
tt S0(xt) + λ
2(K)
t′ η
(K)
t′t′ S0(xt′)
+2λ
(K)
t λ
(K)
c η
(K)
ct S0(xt, xc) + 2λ
(K)
t′ λ
(K)
c η
(K)
ct′ S0(xt′ , xc)
+2λ
(K)
t λ
(K)
t′ η
(K)
tt′ S0(xt′ , xt)
]
×
× (α(3)s (µ))−2/9
[
1 +
α
(3)
s (µ)
4pi
J3
]
Q(∆S = 2) , (3.1)
where the functions η
(K)
ij and explicit factors of αs arise from QCD corrections. The
operator Q(∆S = 2) is defined in (4.13) below. Absorbing the contributions of the 4G
quarks into a redefinition of the loop function S0(xt), we can bring this Hamiltonian into
a form as in the SM3,
H∆S=2eff =
G2F
16pi2
M2W
[
λ2(K)c η
(K)
cc S0(xc) + λ
2(K)
t η
(K)
tt SK + 2λ
(K)
t λ
(K)
c η
(K)
ct S0(xt, xc)
]
×
× (αs(µ))−2/9
[
1 +
αs(µ)
4pi
J3
]
Q(∆S = 2) , (3.2)
where
SK = S0(xt) +
η
(K)
t′t′
η
(K)
tt
(
λ
(K)
t′
λ
(K)
t
)2
S0(xt′) + 2
η
(K)
tt′
η
(K)
tt
(
λ
(K)
t′
λ
(K)
t
)
S0(xt, xt′)
+ 2
η
(K)
ct′
η
(K)
tt
(
λ
(K)
c λ
(K)
t′
λ
(K)2
t
)
S0(xt′ , xc) . (3.3)
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The standard loop functions S0(x) and S0(xi, xj) are given in Appendix A.
In principle, (3.2) can be directly generalised to the Bd, Bs systems. In practise, only
the analogue of the SK term is relevant, and consequently (q = d, s)
H(q)eff =
G2F
16pi2
M2WηB
(
λ
(q)
t
)2
Sq
[
α(5)s
]−6/23 [
1 +
α
(5)
s
4pi
J5
]
Qq(∆B = 2) , (3.4)
Sq = S0(xt) +
η
(q)
t′t′
η
(q)
tt
(
λ
(q)
t′
λ
(q)
t
)2
S0(xt′) + 2
η
(q)
tt′
η
(q)
tt
(
λ
(q)
t′
λ
(q)
t
)
S0(xt, xt′)
+ 2
η
(q)
ct′
η
(q)
tt
(
λ
(q)
c λ
(q)
t′
λ
(q)2
t
)
S0(xt′ , xc) . (3.5)
In contrast to the last term in (3.3), that can be relevant for certain values of the
parameters involved, the last term in (3.5) turns out to be negligibly small.
3.2 Effective Hamiltonians for KL → µ+µ− and Bd,s → µ+µ−
As for the rare leptonic decays, we first consider KL → µ+µ−, where we also have to ad-
dress the charm contribution. For pedagogical reasons, we will neglect QCD corrections
for a moment (they will be discussed subsequently). The effective Hamiltonian for the
SD part of KL → µ+µ− is given in the SM3 as follows [54],
Heff = −GF√
2
α
2pi sin2 θW
(
λ(K)c Y0(xc) + λ
(K)
t Y0(xt)
)
(s¯d)V−A(µ¯µ)V−A , (3.6)
with the function Y0(x) given in Appendix A. This Hamiltonian can be generalised in a
straightforward manner by
• including the effects of the heavy t′ and the heavy 4G neutrino, with the latter
exchanged only in the box diagram and the former in both, the Z0 penguin and
box diagrams;
• including the mixing in the lepton sector, parametrised by a 4× 4 matrix with the
elements denoted by Wij. Here, the first index applies to neutrinos, the second to
charged leptons.
Neglecting the masses of the lightest neutrinos and of the up-quark, and using the uni-
tarity of the SM4 quark and lepton mixing matrices, we find – not unexpectedly – that
the final result can be written in terms of the function Y0 and the box function
F µµ¯(xi, y4) = B
µµ¯(xi, 0) +B
µµ¯(0, y4)−Bµµ¯(0, 0)−Bµµ¯(xi, y4)
= −S0(xi, y4) , (3.7)
14
where
xi =
m2i
M2W
, y4 =
(mν4)
2
M2W
. (3.8)
The functions Bµµ¯ and S0 are given in Appendix A.
The generalisation of (3.6) to include the 4G quarks and the mixing in the 4G lepton
sector is then given as follows:
λ(K)c Y0(xc) → λ(K)c
(
Y0(xc) + |W4µ|2 F µµ¯(xc, y4)
)
, (3.9)
λ
(K)
t Y0(xt) → λ(K)t
(
Y0(xt) + |W4µ|2 F µµ¯(xt, y4)
)
+ λ
(K)
t′
(
Y0(xt′) + |W4µ|2 F µµ¯(xt′ , y4)
)
. (3.10)
Concerning QCD corrections, they have been found to be very small in the case of
the top quark part within the SM3 [55, 56], and we will neglect them for the t and t′
contributions in the SM4. In the case of the charm part, QCD corrections are significant
and have to be included [55,57]. As seen in (3.9) in the absence of mixing with the heavy
new charged lepton, the charm contribution remains intact including QCD corrections. If
significant mixing is present, the charm contribution is modified and also the correspond-
ing QCD corrections should be reconsidered. Although this would be straightforward,
we do not expect these effects to be important, in particular in comparison with the 4G
effects in the top sector. Therefore we postpone their inclusion until after the discovery
of the 4G.
Clearly the terms involving |W4µ|2 are only relevant if |W4µ|2 is substantial. We will
comment on the size of these terms in the next section.
The generalisation to Bd,s → µ+µ− is straightforward. First we can drop the charm
contribution, as it is negligibly small relative to the t and t′ contributions. Second, λ(K)t
and λ
(K)
t′ should be replaced by λ
(d,s)
t and λ
(d,s)
t′ , respectively.
3.3 Effective Hamiltonian for K → piνν¯ and B → Xd,sνν¯
We begin with K+ → pi+νν¯. The effective Hamiltonian for this decay within the SM3,
neglecting QCD corrections, is given by [54]
Heff = GF√
2
α
2pi sin2 θW
∑
`=e,µ,τ
(
λ(K)c X0(xc, z`) + λ
(K)
t X0(xt)
)
(s¯d)V−A(ν¯`ν`)V−A , (3.11)
where
X0(xc, 0) = X0(xc) , ze = zµ ' 0 , zτ = m
2
τ
M2W
. (3.12)
The τ -lepton mass dependence in the top-contribution can be neglected, but not in the
case of the charm contribution. We want to generalise this Hamiltonian to include the
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effects of the heavy t′ and the heavy charged lepton, as well as the effect of the mixing
in the lepton sector described by the Wij elements of the 4× 4 lepton-mixing matrix.
A small complication, relative to the µ+µ− case, arises from the summation over
three light neutrino species that — being mass eigenstates – will be denoted by ν1, ν2,
ν3, with ν4 denoting the heavy neutrino which is exchanged in the box diagram for the
KL → µ+µ− decay. Here the 4G heavy charged lepton that enters the box diagrams in
K+ → pi+νν¯ will be represented by z4 = m`24 /M2W . The final result can be written in
terms of the function X0 and the box function
F νν¯(xi, z4) ≡ Bνν¯(xi, 0) +Bνν¯(0, z4)−Bνν¯(0, 0)−Bνν¯(xi, z4) , (3.13)
with X0 and B
νν¯ given in Appendix A.
The generalisation of (3.11) to include the 4G quarks and the mixing in the 4G lepton
sector is given for the `-th neutrino ν` in the final state as follows
λ(K)c X0(xc, z`) → λ(K)c
(
X0(xc) + 4 |W`τ |2 F νν¯(xc, zτ ) + 4 |W`4|2 F νν¯(xc, z4)
)
, (3.14)
λ
(K)
t X0(xt) → λ(K)t
(
X0(xt) + 4 |W`4|2 F νν¯(xt, z4)
)
+ λ
(K)
t′
(
X0(xt′) + 4 |W`4|2 F νν¯(xt′ , z4)
)
. (3.15)
Concerning QCD corrections the same comments apply as after (3.10).
The generalisation to KL → pi0νν¯ and B → Xd,sνν¯ is straightforward: the charm
contribution can be neglected and in the case of B → Xd,sνν¯, λ(K)t and λ(K)t′ should be
replaced by λ
(d,s)
t and λ
(d,s)
t′ , respectively.
3.4 Other Hamiltonians
The examples of effective Hamiltonians presented above make it clear how to find the
corresponding Hamiltonians for B → Xsγ, B → Xs`+`−, KL → pi0`+`−, non-leptonic
two-body decays and ε′/ε. Therefore for these cases we will only present and/or discuss
the final formulae for branching ratios and CP asymmetries.
4 Master Formulae in the SM4
4.1 Preliminaries
The generalisation of the known SM3 formulae for FCNC observables in the quark sector
[54] to the SM4 is straightforward. One just extends the summation over flavours to the
4G quarks and uses the unitarity relation of VSM4, like the one in (2.34), in order to
eliminate λ
(K)
u , λ
(d)
u and λ
(s)
u from the final expressions. As discussed in the previous
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section, the only complication arises from the effects of the 4G heavy leptons in box
diagrams, contributing to semi-leptonic and leptonic decays if their mixing with SM3
leptons is non-vanishing. In the SM3, this effect can be neglected in view of the smallness
of the SM3 lepton masses, but in the presence of 4G heavy leptons it could, in principle,
be non-negligible.
In fact, the numerical analysis of these effects shows that, for |W`4| and |W4µ| of
O(1), the impact of these additional contributions cannot be neglected. In our numerical
analysis we will however assume that |W`4| are at most O(λ), and consequently these
effects can be neglected. This will avoid any detailed assumptions about the heavy lepton
masses and about their mixing with three SM3 lepton generations. However, in order
to be complete, we will present the formulae for the branching ratios taking this mixing
into account.
Next, it is useful, as in the case of the LHT model [32], to generalise the real and
universal Inami-Lim functions in the SM3, as introduced in [58], to complex and non-
universal functions (i = K, d, s)
Si ≡ |Si|eiθiS , X`i ≡
∣∣X`i ∣∣ eiθi`X , Yi ≡ |Yi| eiθiY , Zi ≡ |Zi| eiθiZ , (4.1)
which govern particle-antiparticle mixing and rare K and B decays. In the limit of three
generations, Si, X
`
i , Yi, Zi reduce to the flavour universal functions S0, X0, Y0, Z0 that are
real. This formulation allows a transparent comparison of our results with those obtained
for particle-antiparticle mixing and rare decays in the LHT model [31–33]. The index
”`” in the case of X`i distinguishes between different neutrinos in the final state. This
distinction is only necessary in the presence of O(1) elements |W`4|.
In the case of B → Xs,dγ and B → Xs,d`+`−, one has to introduce new functions
representing the contributions of dipole operators. For the magnetic photon and gluon
penguin, we have respectively (i = s, d)
D′i ≡ |D′i| eiθ
i
D′ , E ′i ≡ |E ′i| eiθ
i
E′ . (4.2)
For the electromagnetic and chromomagnetic penguins, the corresponding functions are
Di ≡ |Di| eiθiD , Ei ≡ |Ei| eiθiE . (4.3)
Di is gauge dependent and enters the gauge-independent function Zi through
Zi = Ci +
1
4
Di, Ci ≡ |Ci| eiθiC , (4.4)
with Ci being the Z-penguin function. In the SM3, the functions D
′
i, E
′
i, Di, Ei, Ci reduce
to the known real and flavour-universal functions D′0, E
′
0, D0, E0, C0 [54].
Thus, our next step is to find the expressions for the master functions of (4.1)–(4.4)
in the SM4.
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4.2 Master Functions
As discussed, the master functions of the SM4 can be expressed in terms of the functions
known from the SM3 and the elements of VSM4. No new loop calculations are necessary,
except for those involving heavy leptons, which have been performed in the previous
section. We expect these contributions to be small, but for completeness we include
them in the formulae below.
Starting with the effective Hamiltonian for ∆F = 2 transitions given in the previous
section and proceeding as explicitly shown there, one can absorb the effects of t′ into the
master functions Si. We then find for the ∆F = 2 transitions (q = d, s)
Sq = S0(xt) +
(
λ
(q)
t′
λ
(q)
t
)2
S0(xt′) + 2
λ
(q)
t′
λ
(q)
t
S0(xt, xt′) , (4.5)
where xi = m
2
i /M
2
W . In the K system, we also have to keep the last term in (3.3), such
that
SK = S0(xt) +
(
λ
(K)
t′
λ
(K)
t
)2
S0(xt′) + 2
λ
(K)
t′
λ
(K)
t
S0(xt, xt′) + 2
η
(K)
ct
η
(K)
tt
λ
(K)
c λ
(K)
t′
λ
(K)2
t
S0(xc, xt′) . (4.6)
In writing these expressions, we have assumed the following approximate relations for
the QCD corrections,
η
(i)
tt = η
(i)
tt′ = η
(i)
t′t′ , η
(i)
ct = η
(i)
ct′ . (4.7)
This approximation is justified as mt′ is only by a factor of 2–3 larger than mt, the
anomalous dimension of the involved (V −A)⊗ (V −A) operator is small, and the QCD
corrections only very weakly depend on the actual value of mt′ (where the t
′–mass is
defined as mt′(mt′)).
Proceeding in an analogous manner, we obtain
X`i = X0(xt) +
λ
(i)
t′
λ
(i)
t
X0(xt′) + ∆
`i
X , (4.8)
Yi = Y0(xt) +
λ
(i)
t′
λ
(i)
t
Y0(xt′) + ∆
i
Y , (4.9)
as well as
Zi = Z0(xt) +
λ
(i)
t′
λ
(i)
t
Z0(xt′) , Ei = X0(xt) +
λ
(i)
t′
λ
(i)
t
E0(xt′) , (4.10)
D′i = D
′
0(xt) +
λ
(i)
t′
λ
(i)
t
D′0(xt′) , E
′
i = E
′
0(xt) +
λ
(i)
t′
λ
(i)
t
E ′0(xt′) . (4.11)
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A similar expression exists for Di, but we do not need it as Di is absorbed in Zi. The
heavy-lepton corrections ∆`iX and ∆
i
Y can be extracted from (3.15) and (3.10), respec-
tively.
This completes the presentation of the master functions. The SM3 functions S0(xt),
S0(xc, xt), X0(xt), Y0(xt), Z0(xt), D
′
0(xt), E
′
0(xt), E0(xt) and those relevant for the evalu-
ation of ∆liX and ∆
i
Y are given in Appendix A. We should emphasise that the approximate
formula for S0(xc, xt), valid only for mc  mt and used in the literature, cannot be used
for S0(xt′ , xt). The exact expression [59] is given in Appendix A.
4.3 ∆F = 2 Observables
We recall that the off-diagonal element in the dispersive part of the amplitude for K0−K¯0
mixing is given by
2mK
(
MK12
)∗
=
〈
K¯0|H∆S=2eff |K0
〉
, (4.12)
with analogous expressions for the Bd and Bs systems. Our conventions follow [60]. In
particular, the operators being involved are (q = d, s)
Q(∆S = 2) = (s¯d)V−A(s¯d)V−A, Qq(∆B = 2) = (b¯q)V−A(b¯q)V−A. (4.13)
The usual procedure [60] then gives
MK12 =
G2F
12pi2
F 2KBˆKmKM
2
WM
K
12 , (4.14)
where
M
K
12 = λ
∗(K)
c
2
ηccS0(xc) + λ
∗(K)
t
2
η
(K)
tt S
∗
K + 2η
(K)
ct λ
∗(K)
t λ
∗(K)
c S0(xt, xc), (4.15)
and we used the fact that S0(xc) and S0(xt, xc) are real-valued functions. Then
∆MK = 2Re
(
MK12
)
, (4.16)
εK =
κεe
iϕε
√
2(∆MK)exp
Im
(
MK12
)
, (4.17)
where the parameters ϕε = (43.51 ± 0.05)◦ and κε = 0.92 ± 0.02 [61] take into account
that ϕε 6= pi/4 and include an additional effect from Im(A0), the imaginary part of the
isospin-0 amplitude in K → pipi. The result for κε has been recently confirmed in [62]1.
For M q12, describing the Bq − B¯q mixing, we then have (q = d, s)
M q12 =
G2F
12pi2
F 2BqBˆBqmBqM
2
WM
q
12 , (4.18)
1The recent inclusion of additional long distance contributions modifies κε to 0.94±0.02 [63] without
any visible impact on our numerical results.
19
where
M
q
12 =
(
λ
∗(q)
t
)2
ηBS
∗
q . (4.19)
The contributions involving charm can be neglected.
For the mass differences in the B0d,s − B¯0d,s systems we have
∆Mq = 2 |M q12| . (4.20)
Defining
M q12 = |M q12| e2iϕ
tot
Bq , (4.21)
the mixing-induced CP asymmetries SψKS and Sψφ are simply given as follows,
SψKS = sin 2ϕ
tot
Bd
, Sψφ = − sin 2ϕtotBs . (4.22)
The latter two observables are the coefficients of sin(∆Mdt) and sin(∆Mst) in the time-
dependent CP asymmetries in B0d → ψKS and B0s → ψφ, respectively. We also have
2ϕtotBd = 2β¯ − θdS , 2ϕtotBs = 2β¯s − θsS , (4.23)
where the phases β¯ and β¯s are defined as follows,
Vtd = |Vtd| e−iβ¯ , Vts = − |Vts| e−iβ¯s . (4.24)
Similarly, the phase 2ϕK of the leading S
∗
K term in (4.15) is given by
2ϕK = 2β¯ − 2β¯s − θKS . (4.25)
It should be emphasised that β¯ and β¯s differ from β ≈ 21◦ and βs ≈ −1◦, familiar
from the SM3 and unitarity triangle (UT) analyses. Indeed, the expressions for Vtd and
Vts as seen in (2.19) differ from the ones in the CKM matrix. In the SM3 β¯ and β¯s
reduce to β and βs, respectively. Moreover, the contributions of the t
′ quark are absent,
and the two asymmetries in question are given as follows,
(SψKS)SM = sin 2β , (Sψφ)SM = − sin 2βs . (4.26)
In the presence of contributions from the 4G quarks, these two asymmetries do not mea-
sure β and βs, not even β¯ and β¯s, but determine ϕ
tot
Bq
that includes also the contributions
from the t′ quark. As we will see, ϕtotBd will only slightly differ from β because of the
experimental constraint2 on SψKS . On the other hand, ϕ
tot
Bs
must be very different from
2 Concerning the suppression of t′-penguin pollution in the determination of β, the comment before
Eq. (2.37) applies.
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βs, in order to reproduce the data on Sψφ from CDF [64] and D0 [65]. HFAG [66] gives
the following values for ϕtotBs
ϕtotBs = −(0.39+0.18−0.14)
[−(1.18+0.14−0.18)] . (4.27)
As we will see in Section 7, the present tensions in the SM3 UT fits favour θdS > 0 and
θKS < 0, while the enhanced value of Sψφ at Tevatron favours θ
s
S > 0. In the case of
the εK anomaly, also an enhanced value of |SK | would help. As we discussed already in
Section 2.2, and as we will numerically confirm later in Section 9, a big Sψφ will strongly
correlate δ14 and δ24 as well as s14 and s24.
Finally, it should also be emphasised that in the SM4 the ratio ∆Md/∆Ms does not
determine directly the side Rt in the UT, as now the UT does not close, and there are
non-MFV contributions. Therefore, the determination of the ratio |Vtd|/|Vts| by means
of
∆Md
∆Ms
=
mBd
mBs
BˆBdF
2
Bd
BˆBsF
2
Bs
∣∣∣∣VtdVts
∣∣∣∣2 |Sd||Ss| , (4.28)
will clearly be affected since the last ratio is now generally different from unity.
4.4 Bs,d → µ+µ−
One of the main targets of flavour physics in the coming years will be the measurement
of the branching ratio for the highly suppressed decay Bs → µ+µ−. Hopefully, the
even more suppressed decay Bd → µ+µ− will be discovered as well. These two decays
are helicity suppressed in the SM3 and CMFV models. Their branching ratios are
proportional to the squares of the corresponding weak decay constants that still suffer
from sizable uncertainties. However, using simultaneously the SM3 expressions for the
very well measured mass differences ∆Ms,d, this uncertainty can be eliminated [67],
leaving the uncertainties in the hadronic parameters BˆBs and BˆBd as the only theoretical
uncertainty in Br(Bs,d → µ+µ−). As seen in Table 3, these parameters are already
known from lattice calculations with 5 − 10% precision, and they enter the branching
ratios linearly.
Generalising this idea to the SM4, we find
Br(Bq → µ+µ−) = C τ(Bq)
BˆBq
|Yq|2
|Sq| ∆Mq , (q = s, d) , (4.29)
where ∆Mq is supposed to be taken from experiment, and the prefactor C is defined as
C = 6pi
η2Y
ηB
(
α
4pi sin2 θW
)2 m2µ
M2W
= 4.39 · 10−10 . (4.30)
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Consequently, the golden relation between Br(Bd,s → µ+µ−) and ∆Md/∆Ms, valid in
CMFV models [67], gets modified as follows:
Br(Bs → µ+µ−)
Br(Bd → µ+µ−) =
BˆBd
BˆBs
τ(Bs)
τ(Bd)
∆Ms
∆Md
r , r =
∣∣∣∣YsYd
∣∣∣∣2 |Sd||Ss| , (4.31)
with r being generally different from unity.
Using these expressions, one finds in the SM3 the rather precise predictions
Br(Bs → µ+µ−) = (3.2± 0.2) · 10−9 , Br(Bd → µ+µ−) = (1.0± 0.1) · 10−10 , (4.32)
where the updated value of Br(Bs → µ+µ−) has already been reported in [68].
These predictions should be compared to the 95% C.L. upper limits from CDF [69]
and D0 [70] (in parentheses)
Br(Bs → µ+µ−) ≤ 3.3 (5.3) · 10−8 , Br(Bd → µ+µ−) ≤ 1 · 10−8 . (4.33)
The numbers given above are updates presented at the EPS-HEP09 conference. More
information is given by Punzi [71]. It is clear from (4.32) and (4.33) that a lot of room
is still left for NP contributions.
4.5 KL → µ+µ−
The discussion of the NP contributions to this decay is analogous to Bd,s → µ+µ−.
Again, only the SM3 operator (V − A) ⊗ (V − A) contributes, and the real function
Y0(xt) is replaced by the complex function YK defined in (4.9).
In contrast to Bs,d → µ+µ−, the SD contribution calculated here is only one part
of a dispersive contribution to KL → µ+µ− that is by far dominated by the absorptive
contribution with two internal photon exchanges. Consequently, the SD contribution
constitutes only a small fraction of the branching ratio. Moreover, because of long-
distance (LD) contributions to the dispersive part of KL → µ+µ−, the extraction of the
SD part from the data is subject to considerable uncertainties. The most recent estimate
gives [72]
Br(KL → µ+µ−)SD ≤ 2.5 · 10−9 , (4.34)
to be compared with (0.8± 0.1) · 10−9 in the SM3 [57]. In the SM4, we have
Br(KL → µ+µ−)SD = 2.08 · 10−9
(
Reλ
(K)
c
|Vus| Pc(YK) +
Re(λ
(K)
t YK)
|Vus|5
)2
, (4.35)
where Pc (YK) = 0.113± 0.017 [57]. The numerical results are discussed in Section 7.
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4.6 B → Xs,dνν¯
Also B decays with νν¯ in the final state provide a very good test of modified Z-penguin
contributions [73, 74], but their measurements appear to be even harder than those of
the rare K decays discussed subsequently. Recent analyses of these decays within the
SM3 and several NP scenarios can be found in [75, 76]. The experimental prospects for
these decays at future Super-B machines are summarised in [77].
Here we will concentrate on the theoretical clean decays B → Xs,dνν¯. The recently
improved SM3 prediction for B → Xsνν¯ reads [75]
Br(B → Xsνν¯)SM = (2.7± 0.2) · 10−5 . (4.36)
As the refinements related to this result apply also to the SM4, we will only consider the
ratios
Br(B → Xsνν¯)
Br(B → Xsνν¯)SM =
1
3
∑
`=1,2,3 |X`s|2
|X0(xt)|2 rs , rs =
|Vts|2
|Vts|2SM
, (4.37)
Br(B → Xdνν¯)
Br(B → Xdνν¯)SM =
1
3
∑
`=1,2,3 |X`d|2
|X0(xt)|2 rd , rd =
|Vtd|2
|Vtd|2SM
, (4.38)
Br(B → Xdνν¯)
Br(B → Xsνν¯) =
∑
`=1,2,3 |X`d|2∑
`=1,2,3 |X`s|2
∣∣∣∣VtdVts
∣∣∣∣2 . (4.39)
As seen explicitly, the branching ratios are defined to include all three light neutrinos
in the final state. The index SM3 reminds us that the extracted |Vtd| and |Vts| in the
presence of 4G quarks can differ from those in the SM. We note also that for X`d 6= X`s ,
the relation of the last ratio to |Vtd/Vts| is modified with respect to MFV models. In the
absence of right-handed current contributions in the SM4, the formula for the ratio in
(4.37) applies also to the branching ratios for B → K∗νν¯ and B → Kνν¯ as well as to
various distributions discussed in [74,75]. Therefore we will not present them here.
4.7 K+ → pi+νν¯ and KL → pi0νν¯
The SM3 expressions for the specific light neutrino mass eigenstate can be easily gener-
alised to the SM4 with the result
Br(K+ → pi+ν`ν¯`) = κ+
3
(Im(λ(K)t X`K)
|Vus|5
)2
+
(
Reλ
(K)
c
|Vus| P
`
c (X) +
Re(λ
(K)
t X
`
K)
|Vus|5
)2 ,
(4.40)
Br(KL → pi0ν`ν¯`) = κL
3
(
Im(λ
(K)
t X
`
K)
|Vus|5
)2
. (4.41)
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Summing over three light neutrinos in the final state we simply have
Br(K+ → pi+νν¯) =
∑
`=1,2,3
Br(K+ → pi+ν`ν¯`) , (4.42)
Br(KL → pi0νν¯) =
∑
`=1,2,3
Br(KL → pi0ν`ν¯`). (4.43)
In the case of small mixing of light leptons with heavy leptons, there is no `-dependence
and the factors ”3” in the denominator in (4.40) and (4.41) drop out.
In the presence of substantial mixing with the 4G leptons, also the charm contri-
bution will be affected by this mixing. The inclusion of this effect would require the
reconsideration of QCD corrections and electroweak corrections in the charm sector. As
the charm contribution is subleading, we do not think that this is required before the
discovery of a 4G. Therefore we will simply set
P `c (X) = Pc(X) = 0.42± 0.03 , (4.44)
with Pc(X) calculated in the SM3 and including the NNLO QCD corrections [78], elec-
troweak corrections [79] and LD contributions [80]. In reducing the parametric uncer-
tainties in Pc(X), the improved value of the charm quark mass mc(mc) [62,81,82] played
an important role.
Next, the determination of the relevant hadronic matrix elements from tree-level
leading K decays, for λ = 0.226, gives [83]
κ+ = (5.36± 0.026) · 10−11 , κL = (2.31± 0.01) · 10−10 . (4.45)
The most recent predictions in the SM3 read [78,79]
Br(K+ → pi+νν¯)SM = (8.5± 0.7) · 10−11 , Br(KL → pi0νν¯)SM = (2.8± 0.6) · 10−11 ,
(4.46)
where the errors are dominated by parametrical uncertainties, in particular by the CKM
parameters. The corresponding experimental data read [84,85]
Br(K+ → pi+νν¯) = (17.3+11.5−10.5) · 10−11 , Br(KL → pi0νν¯) ≤ 6.7 · 10−8 . (4.47)
The experimental upper bound on Br(KL → pi0νν¯) is still by more than three orders
of magnitude above the SM3 value, but the present upper bound from E391a at KEK
should be significantly improved in the coming decade. We will see in Section 7 that in
the SM4 both branching ratios can be spectacularly enhanced over the SM3 expectations.
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4.8 The B → Xsγ Decay
One of the most popular decays, used to constrain NP contributions, is the B → Xsγ
decay, for which the measured branching ratio [66]
Br(B → Xsγ)exp = (3.52± 0.30) · 10−4 (4.48)
agrees well with the NNLO prediction in the SM3 [86],
Br(B → Xsγ)SM = (3.15± 0.23) · 10−4 . (4.49)
The effective Hamiltonian, relevant for this decay within the SM3, is given as follows,
HSMeff (b¯→ s¯γ) = −
GF√
2
λ
(s)
t
[
6∑
i=1
Ci(µb)Qi + C7γ(µb)Q7γ + C8G(µb)Q8G
]
, (4.50)
where Qi are four-quark operators, Q7γ is the magnetic photon penguin operator and
Q8G the magnetic gluon penguin operator, contributing to b¯ → s¯γ transitions. The
explicit expression for the branching ratio Br(B → Xsγ), resulting from (4.50), is very
complicated and we will not be presented here (see [86] and references therein).
For our purposes, it is sufficient to know that in the LO approximation, the Wilson
coefficients C7γ and C8G at the renormalisation scale µW = O(MW ) are given as follows,
C
(0)
7γ (µW ) = −
1
2
D′s , C
(0)
8G(µW ) = −
1
2
E ′s , (4.51)
with the explicit expressions for D′s and E
′
s given in Subsection 4.2.
In view of the importance of QCD corrections in this decay, we will make sure that in
the limit of neglecting 4G contributions, we reproduce the NNLO result in the SM3 given
in (4.49). To this end, we will use the known LO expressions for the relevant Wilson
coefficients evaluated at an appropriately chosen renormalisation scale, µeff , which turns
out to equal 3.22 GeV. The fact that this scale is somewhat lower than the bottom-quark
mass, expresses the important role of QCD corrections, leading to an enhancement of
the branching ratio. The 4G effects will then be included through the modification
of the SM3 Wilson coefficients at µ = MW without the inclusion of additional QCD
corrections. As the dominant QCD corrections to Br(B → Xsγ) come anyway from the
renormalisation group evolution from MW down to µeff , and from the matrix elements
of the operators Q2 and Q7γ at µeff , these dominant corrections are common to the SM3
and the SM4. While not exact, this treatment of QCD corrections in the SM4 should be
sufficient for our purposes.
Thus, in this approximate treatment, the SM4 formulae for B → Xsγ are obtained
by making the following replacements in the master functions,
λ
(s)
t D
′
0(xt)→ λ(s)t D′s , λ(s)t E ′0(xt)→ λ(s)t E ′s (4.52)
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and choosing µeff = 3.22 GeV. The Wilson coefficients C7γ(µeff) and C8G(µeff) are given
in the SM4 as follows:
C7γ(µeff) = −(0.208 + 0.305D′s + 0.052E ′s) , C8G(µeff) = −(0.095 + 0.325E ′s) . (4.53)
Consequently, the ratio of SM4 to SM3 branching ratios is given within our approxima-
tions by
Br(B → Xsγ)
Br(B → Xsγ)SM = r
2
bsγ
∣∣∣∣ 0.208 + 0.305D′s + 0.052E ′s0.208 + 0.305D′0(xt) + 0.052E ′0(xt)
∣∣∣∣2 , (4.54)
with rbsγ defined as
rbsγ =
( |V ∗tsVtb|
|Vcb|
)/( |V ∗tsVtb|
|Vcb|
)
SM
. (4.55)
4.9 Direct CP Violation in B → Xsγ and SφKS
4.9.1 Preliminaries
Of particular interest is the direct CP asymmetry AbsγCP [87–89] that, similar to Sψφ,
is predicted to be tiny (−0.5%) in the SM3 but could be much larger in some of its
extensions, as analysed recently in detail in the context of the flavour-blind MSSM (FB-
MSSM) [90] and supersymmetric flavour models [36]. In particular in the supersymmetric
flavour models with exclusively left-handed currents, and also in the FBMSSM where
these currents dominate, this asymmetry can be by one order of magnitude larger than
in the SM3. This is in contrast to models with right-handed currents, where the AbsγCP
asymmetry remains SM3-like [36].
As pointed out in [36, 90], it is interesting to consider the direct CP asymmetry
in question together with the theoretically clean asymmetry SφKS that is found to be
significantly smaller than the expected value of approximately 0.70 [91–93]:
SφKS = 0.44± 0.17, Sη′KS = 0.59± 0.07 , (4.56)
while Sη′KS is fully consistent with the expectations although on the low side.
In supersymmetric models with exclusively left-handed currents and in the FBMSSM,
the desire to explain the SφKS anomaly automatically implies that A
bsγ
CP is much larger in
magnitude than its SM3 value [36, 90] and has opposite sign. Therefore, it is of interest
to investigate whether in the SM4 the two CP asymmetries are large and correlated.
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4.9.2 AbsγCP in the SM4
If NP effects dominate over the tiny SM3 contribution ASMCP(b → sγ) ' −0.5%, the
following expression for ACP(b→ sγ) holds [88,89],
ACP(b→ sγ) ≡ Γ(B → Xs¯γ)− Γ(B → Xsγ)
Γ(B → Xs¯γ) + Γ(B → Xsγ)
'
' − 1|C7γ|2 (1.23 Im[C2C7γ]− 9.52 Im[C
∗
8GC7γ] + 0.10 Im[C2C8G])− 0.5 (in %) ,
(4.57)
where we assumed a cut for the photon energy at Eγ ' 1.8 GeV (see [88,89] for details).
In (4.57), the Wilson coefficients Ci are evaluated at the scale µeff as given in (4.53). The
Wilson coefficient C2 is to a very good approximation independent of the 4G parameters
and given by C2 ≈ 1.14. This treatment of QCD corrections is certainly an approximation
and a full NNLO analysis would be much more involved. Yet, at present a NNLO analysis
would clearly be premature.
We would like to note that our Wilson coefficients Ci correspond to the b¯ → s¯
transition and not to b→ s used in [36,88–90]. Consequently they are complex conjugates
of the ones used in the latter papers. This explains the different placing of “*” in (4.57)
relative to these papers.
4.9.3 Time-Dependent CP Asymmetries in Bd → φ(η′)KS
The time-dependent CP asymmetries in the decays of neutral B mesons into final CP
eigenstates f can be written as
Af (t) = Sf sin(∆Mt)− Cf cos(∆Mt) . (4.58)
Our presentation follows closely [94]. Within the SM, it is predicted with good accuracy
that the |Sf | and Cf parameters are universal for all the transitions b¯ → q¯′q′s¯ (q′ =
c, s, d, u). In particular, the SM3 predicts that −ηfSf ' sin 2β and Cf ' 0 where
ηf = ±1 is the CP eigenvalue of the final state f . NP effects can contribute to3
(i) the Bd mixing amplitude [95],
(ii) the decay amplitudes b¯→ q¯qs¯ (q = s, d, u) [95–97].
3We assume that the asymmetry in the tree-level transition b¯ → c¯cs¯ is not significantly affected by
NP.
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In case (i), the NP contribution shifts all Sf asymmetries away from sin 2β in a universal
way, while the Cf asymmetries will still vanish. In case (ii), the various Sf and also the
Cf asymmetries are, in general, different from their values in the SM3.
The CP asymmetries Sf and Cf in Bd → f decays are calculated as follows. One
defines a complex quantity λf ,
λf = e
−2iϕtotBd (Af/Af ) , (4.59)
where ϕtotBd is the phase of the Bd-mixing amplitude, M
d
12, and Af (Af ) is the decay
amplitude for Bd(Bd)→ f . Af and Af can be calculated from the effective Hamiltonian
relevant for ∆B = 1 decays [54] in the following way
Af = 〈f |Heff |Bd〉 , Af = 〈f |Heff |Bd〉 , (4.60)
where the Wilson coefficients of the effective Hamiltonian depend on the electroweak
theory while the matrix elements 〈f |Oi|Bd(Bd)〉 can be estimated, for instance, by means
of QCD factorisation [94]. We then have
Sf =
2Im(λf )
1 + |λf |2 , Cf =
1− |λf |2
1 + |λf |2 . (4.61)
The SM3 contribution to the decay amplitudes, related to b¯ → q¯′q′s¯ transitions, can
always be written as a sum of two terms, ASMf = A
c
f + A
u
f , with A
c
f ∝ V ∗cbVcs and
Auf ∝ V ∗ubVus. Defining the ratio auf ≡ e−iγ(Auf/Acf ), we have
ASMf = A
c
f
(
1 + aufe
iγ
)
, (4.62)
where the auf parameters have been evaluated in the QCD factorisation approach
4 [91,
94, 99]. Within the SM3, it turns out that SφKS ' Sη′KS ' SψKS ' sin 2β, with precise
predictions given in Tables 1 and 6 of [36]. The term auf provides only a negligible
contribution to Bd → ψKS, thus λSM3ψKS = −e−2iβ. Also for charmless modes, the effects
induced by auf are small (at the percent level), being proportional to |(VubV ∗us)/(VcbV ∗cs)|.
In the SM4, for simplicity, we follow the analysis in [94] which only takes into account
the leading-order terms in αs and neglects Λ/mb corrections (except for so-called chirally
enhanced terms). The modification of Af in (4.62) due to 4G contributions can then be
written as
Af = A
c
f
[
1 + aufe
iγ +
∑
i
(
bcfi + b
u
fie
iγ
)
CNPi (MW )
]
, (4.63)
4A critical discussion of the importance of power corrections and the potential size of long-distance
final-state interactions in (4.62) can be found in [98]. As long as a model-independent prediction for
these effects is lacking, we have to assign an irreducible theoretical error to the predictions for the auf .
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f φKs η
′Ks
bcf3 −46 −26
bcf7 22 3.8
bcf9 23 3.5
bcf8G 1.4 0.86
Table 2: Hadronic parameters at µ = mb taken from [94]. The parameters b
u
fi can be
obtained via bufi = (|VubV ∗us|/|VcbV ∗cs|)bcfi.
where CNPi (MW ) are the NP contributions to the Wilson coefficients evaluated at the
scale MW . Defining the NP contributions to the master functions Fi given in (4.8)-(4.10)
by ∆Fi with
Fi = F
SM
0 + ∆Fi , (4.64)
the non-vanishing CNPi (MW ) relevant for b¯→ s¯ transitions are given as follows:
CNP3 (MW ) =
α
6pi
1
sin2 θW
(2∆Ys −∆Xs) , (4.65)
CNP7 (MW ) =
α
6pi
4∆Zs , (4.66)
CNP9 (MW ) =
α
6pi
[
4∆Zs − 2
sin2 θW
(∆Xs + ∆Ys)
]
, (4.67)
CNP7γ (MW ) = −
1
2
∆D′s , (4.68)
CNP8G (MW ) = −
1
2
∆E ′s . (4.69)
Here α = α(MW ) = 1/127.9 is the QED coupling constant and sin
2 θW = 0.231. The
parameters bufi and b
c
fi calculated in [94] are collected for the φKS and η
′KS channels in
Table 2. As the effects in B → Xsγ are small, we follow [94] and neglect C7γ.
The absence of complex conjugation on Wilson coefficients Ci in (4.63) as opposed
to [36, 90] reflects the fact that our coefficients correspond to the b¯ → s¯ transition and
not to b→ s used in the latter papers.
We note that within a very good approximation
Af ≈ Acf
[
1 +
∑
i
bcfiC
NP
i (MW )
]
= Acf
[
1 + rf
λ
(s)
t′
λ
(s)
t
]
, (4.70)
where
rφKS = −0.248 Y0(xt′) + 0.004 X0(xt′) + 0.075 Z0(xt′)− 0.7 E ′0(xt′) , (4.71)
rη′KS = −0.106 Y0(xt′) + 0.034 X0(xt′) + 0.012 Z0(xt′)− 0.43 E ′0(xt′) . (4.72)
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Thus, the departure of SφKS and Sη′KS from SψKS is governed by the common phase of
λ
(s)
t′ /λ
(s)
t with the effect being larger in the case of SφKS . Denoting the final phase of Af
by ϕf , we find
Sf = −ηf sin(2(ϕtotBd + ϕf )), (4.73)
where ηf is the CP parity of the final state: ηf = −1 for both channels considered here.
For ϕf 6= 0 the departure from SψKS in (4.22) can be obtained.
It is known that going beyond leading order in the calculations of the bf parameters,
one would introduce a potentially sizable strong phase. We comment on this issue in
Section 7.3.
4.10 B → Xs`+`−
No spectacular 4G effects are present in this decay, therefore we will only make sure that
our numerical analysis is in accordance with the existing data on these decays. Basically,
what one has to do is to replace in the known SM3 expressions for the branching ratios
and the forward-backward asymmetry the SM3 master functions F0 by the SM4 master
functions of Section 4.2. In this context Section 5.5 of [100] illustrates explicitly this
replacement, but the formulae are complicated and will not be repeated here. Alterna-
tively, all the formulae can be found in [101]. The NNLO treatment can be found, for
instance, in [102–105]. The functions that enter this analysis are Ys, Zs, Es, E
′ and D′.
Of particular interest is the forward-backward asymmetry in b→ sµ+µ−, in the inclusive
and exclusive measurement, see also [100,106–108].
The HFAG [66] group gives for M(`+`−) > 0.2 GeV
Br(B → Xs`+`−) = 3.66+0.76−0.77 · 10−6 . (4.74)
Due to the presence of resonances there is no rigorous theoretical prediction for the whole
q2 range. Instead, theory and experiment are compared for a high q2 cut, q2 > 14.4 GeV2,
and a low q2 range, 1 GeV2 < q2 < 6 GeV2. The BaBar [109] and Bell [110] collaboration
published the following results for both ranges:
Br(B → Xs`+`−)low =

(
1.493 ± 0.504+0.411−0.321
) · 10−6 Belle
(1.8 ± 0.7 ± 0.5) · 10−6 BaBar
(1.6 ± 0.5) · 10−6 Average
(4.75)
Br(B → Xs`+`−)q2>14.4GeV2 =

(
0.418 ± 0.117+0.061−0.068
) · 10−6 Belle(
0.5 ± 0.25+0.08−0.07
) · 10−6 BaBar
(0.44 ± 0.12) · 10−6 Average
(4.76)
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We will use the averaged measurement for our numerical analysis. The NNLO prediction
for the zero sˆ0 of the forward-backward asymmetry AFB in the SM3 is [103]
sˆ0 = 0.162± 0.008 . (4.77)
Note that according to [103], the NNLO contributions to B → Xs`+`− are sizable and
negative. To accommodate the NNLO effects we matched our NLO result to the NNLO
result given in [103] for the low and high q2 ranges independently.
4.11 KL → pi0`+`−
The rare decays KL → pi0e+e− and KL → pi0µ+µ− are dominated by CP-violating
contributions. In the SM3, the main contribution comes from the indirect (mixing-
induced) CP violation and its interference with the direct CP-violating contribution
[111–114]. The direct CP-violating contribution to the branching ratio is in the ballpark
of 4 ·10−12, while the CP-conserving contribution is at most 3 ·10−12. Among the rare K
meson decays, the decays in question belong to the theoretically cleanest, but certainly
cannot compete with K → piνν¯ decays. Moreover, the dominant indirect CP-violating
contributions are practically determined by the measured decays KS → pi0`+`− and
the parameter εK . Consequently, the decays KL → pi0`+`− are not as sensitive as the
KL → pi0νν¯ decay to new physics contributions, present only in the subleading direct CP
violation. However, as pointed out in [100], in the presence of large new CP-violating
phases, the direct CP-violating contribution can become the dominant one, and the
branching ratios for KL → pi0`+`− can be significantly enhanced, with a stronger effect
in the case of KL → pi0µ+µ− [113,114]. Most recent discussions can be found in [115,116].
Adapting the formulae in [112–115] with the help of [100] to the SM4, we find
Br(KL → pi0`+`−) =
(
C`dir ± C`int |as|+ C`mix |as|2 + C`CPC
) · 10−12 , (4.78)
where
Cedir = (4.62± 0.24)(ω27V + ω27A) , Cµdir = (1.09± 0.05)(ω27V + 2.32ω27A) , (4.79)
Ceint = (11.3± 0.3)ω7V , Cµint = (2.63± 0.06)ω7V , (4.80)
Cemix = 14.5± 0.05 , Cµmix = 3.36± 0.20 , (4.81)
CeCPC ' 0 , CµCPC = 5.2± 1.6 , (4.82)
|as| = 1.2± 0.2 (4.83)
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with
ω7V =
1
2pi
[
P0 +
|YK |
sin2 θW
sin βKY
sin(β¯ − β¯s)
− 4|ZK | sin β
K
Z
sin(β¯ − β¯s)
][
Imλ
(K)
t
1.4 · 10−4
]
, (4.84)
ω7A = − 1
2pi
|YK |
sin2 θW
sin βKY
sin(β¯ − β¯s)
[
Imλ
(K)
t
1.4 · 10−4
]
. (4.85)
Here P0 = 2.88± 0.06 [117] includes NLO QCD corrections and
βKY = β¯ − β¯s − θKY , βKZ = β¯ − β¯s − θKZ (4.86)
with YK and ZK defined in (4.9) and (4.10). The phases β¯ and β¯s are defined in (4.24).
The effect of the new physics contributions is mainly felt in ω7A, as the corresponding
contributions in ω7V cancel each other to a large extent.
The present experimental bounds [118,119],
Br(KL → pi0e+e−) < 28 · 10−11 , Br(KL → pi0µ+µ−) < 38 · 10−11 , (4.87)
are still by one order of magnitude larger than the SM3 predictions, [115]
Br(KL → pi0e+e−)SM = 3.54+0.98−0.85
(
1.56+0.62−0.49
) · 10−11 , (4.88)
Br(KL → pi0µ+µ−)SM = 1.41+0.28−0.26
(
0.95+0.22−0.21
) · 10−11 , (4.89)
with the values in parentheses corresponding to the “−” sign in (4.78).
4.12 ε′/ε
An important observable is the ratio ε′/ε that measures the size of the direct CP violation
in KL → pipi relative to the indirect CP violation described by εK . In the SM3 ε′
is governed by QCD penguins but receives also an important destructively interfering
contribution from electroweak penguins that is generally much more sensitive to NP than
the QCD penguin contribution.
Now the electroweak penguin and box diagrams that enter the evaluation of the rare
decay branching ratios, as Br(KL → pi0νν¯) and Br(K+ → pi+νν¯), have also a consid-
erable impact on the electroweak component of ε′/ε so that in a given model specific
correlations between ε′/ε and the branching ratios for rare K decays exist [120, 121].
Quite generally, the enhancement of rare decay branching ratios implies the suppression
of ε′/ε although this correlation investigated first in [120, 121] contains some model de-
pendence. Yet, as pointed out in [120] and analysed in more detail within the MSSM
in [121], the enhancements of rare K decay branching ratios could be bounded in prin-
ciple be ε′/ε. In fact, in [120] approximate bounds of Br(KL → pi0νν¯) . 2 · 10−10 and
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Br(K+ → pi+νν¯) . 2 · 10−10 have been derived, where in the latter case the bound on
Br(KL → µ+µ−) also played a role.
Unfortunately, the low precision on the relevant hadronic parameters B6 and B8 in
the calculation of ε′/ε and the strong cancellation of QCD penguin and electroweak
penguin contributions to this ratio, introduce significant uncertainties in the correlation
in question.
It is hoped that lattice calculations will provide these elements in this decade [122].
Yet, the present experimental world average from NA48 [123] and KTeV [124,125],
ε′/ε = (16.8± 1.4) · 10−4 , (4.90)
could have an important impact on several extensions of the SM3 if B6 and B8 were
known. An analysis of ε′/ε in the LHT model demonstrates this problem in explicit
terms [126]. If one uses B6 = B8 = 1 as obtained in the large N approach [127], (ε
′/ε)SM
is in the ballpark of the experimental data, and sizable departures of Br(KL → pi0νν¯)
from its SM3 value are not allowed. K+ → pi+νν¯, being CP conserving and consequently
not as strongly correlated with ε′/ε as KL → pi0νν¯, could still be enhanced by 50%.
On the other hand, if B6 and B8 are different from unity and (ε
′/ε)SM disagrees with
experiment, much more room for enhancements of rare K decay branching ratios through
NP contributions is available. An analysis of ε′/ε in the context of the SM4 can be found
in [13].
In the present paper, we will use the formulae given in Section 3 of [126] that are
based on [128]. In order to use these formulae, one has to replace the complex master
functions of the LHT model by the master functions of the SM4, relevant for the K
system, that we have collected in Section 4.2. It is a good approximation to neglect the
4G effects on the flavour-conserving side of box diagrams contributing to XK and YK ,
so that these functions together with ZK are the same as in rare K decays considered
above. EK plays a subleading role in ε
′/ε, but we include it in our numerical analysis
which is presented in Section 7.
5 Constraints from Electroweak Precision Data
The electroweak precision observables (EPO), even if flavour conserving, have an impact
on the allowed parameter space of the SM4. As the b′-quark does not enter our analysis
of FCNC processes, we are first of all interested in the range of mt′ . From direct searches
at the Tevatron, it follows that mt′ > 256 GeV. Taking into account the EPO study
in [5], together with the upper limit from perturbativity, a plausible range for mt′ is
given by
300 GeV ≤ mt′ ≤ 600 GeV . (5.1)
33
Equally important are electroweak constraints on s34 [4,6], as this mixing angle plays an
important role in FCNC analyses [13–15,26,27].
As emphasised recently by Chanowitz [6], in the presence of s34 6= 0, there are two
non-decoupling radiative corrections to the EPO with quadratic sensitivity to mt′ : the
T -parameter and Zbb¯ vertex corrections. They are both proportional to |Vt′b|2m2t′ , and
in the case of the T -parameter there are also large corrections proportional to |Vtb′ |2m2b′
if m2b′  m2t . As seen in (2.29–2.32), for all relevant cases we have |Vt′b| ≈ |Vtb′ | ≈ s34.
The results of a detailed analysis of Chanowitz can be summarised by an approximate
upper bound on |s34| as a function of mt′ :
|s34| ≤ MW
mt′
. (5.2)
Together with the lower limit on mt′ , this leads to a more stringent upper bound on s34
s34 ≤ 0.27 . (5.3)
This bound eliminates examples of large s34 studied in [26,27] and also has some impact
on the FCNC analyses in [13–15]. Still, even for mt′ ' 400 GeV, s34 can be as large
as s12, and in the full range of mt′ considered by us it can be larger than |Vcb| ' 0.04,
although smaller values are certainly allowed. We will incorporate (5.1) and (5.2) into
our numerical analysis in Section 7.
6 Strategy for the Phenomenological Analysis
6.1 Part I: Global Analysis
In the first part of our numerical analysis, we will use the values for input parameters
collected in Table 3. The values of non-perturbative parameters used in our analysis
are taken from the unquenched lattice calculations summarised recently in [62]. They
are compatible within the errors with the collection of Lubicz and Tarantino [129]. The
references connected with other parameters are given in this table. The ranges used for
the parameters mt′ and s34 can be found in (5.1) and (5.2), respectively.
This analysis will give us the information on the presently allowed ranges for the
NP parameters and the corresponding maximal departures from SM3 expectations for
various observables that are consistent with the data on FCNC processes, EWPT and
the unitarity of VSM4. This will also give us a grand view of the patterns of flavour
violation in the SM4, in particular about correlations between various observables that
are less sensitive to the particular values of the parameters involved.
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6.2 Part II: Anatomy
The goal of this part will be a detailed analysis of certain features of the SM4 that cannot
be easily seen in a global analysis at present. This analysis consists of the following steps
that we will outline in what follows.
Step 1: We will investigate how the SM4 addresses the present tensions in the unitarity
triangle, in particular the tension between the values of SψKS and |εK | within the
SM3. To this end, we will use the input parameters of Table 3, except that for
|Vub| and δ13, that are still not known with an accuracy better than 10% from tree
level decays, we will choose three scenarios in which |Vub| and δ13 will take specific
values with errors of 2− 3%. In Table 7, we give three scenarios for |Vub| and δ13,
whose origin will be explained in Section 8.
Step 2: We will investigate how the future measurements of various branching ratios
and CP asymmetries will have an impact on our analysis. The branching ratios
for Bs → µ+µ−, K+ → pi+νν¯ and KL → pi0νν¯ and the CP asymmetry Sψφ will
play important roles in this study, and various scenarios for future measurements
of these observables will be analysed in Section 8.
6.3 Part III: Determination of the VSM4 matrix
In this part, we will outline and illustrate with examples how the new parameters of the
SM4 can in principle be determined by using future data on FCNC processes. In this
context, we pay particular attention to the different possible scenarios for the scaling of
the 4G mixing angles. For each case, we will identify more or less pronounced correla-
tions between the new CP-violating phases in the SM4 that allow us to define certain
equivalence classes, which can clearly be distinguished by their predictions for rare decay
flavour observables.
7 Global Numerical Analysis
7.1 Preliminaries
For our numerical analysis, we construct a large number of random points in parameter
space that are evenly distributed in all the mixing angles and phases. We keep only
those points that satisfy all tree level CKM constraints at 2σ (it is not possible to bring
|Vcs| = 1.04 ± 0.06 within 1σ of its central value) and the experimental constraints on
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parameter value parameter value
BˆK 0.725± 0.026 [62] |Vud| 0.97418± 0.00027 [95]
FBd (192.8± 9.9) MeV [62] |Vus| 0.2255± 0.0019 [95]
FBs (238.8± 9.5) MeV [62] |Vub| (3.93± 0.36)× 10−3 [95]
FK (155.8± 1.7) MeV [62] |Vtb| 0.91± 0.11± 0.07 [130]
BˆBd 1.26± 0.11 [62] |Vtb| > 0.71 at 95%CL [130]
BˆBs 1.33± 0.06 [62] |Vcd| 0.230± 0.011 [95]√
BˆBdFBd (216± 15) MeV [62] |Vcs| 1.04± 0.06 [95]√
BˆBsFBs (275± 13) MeV [62] |Vcb| (41.2± 1.1)× 10−3 [95]
ξ 1.243± 0.028 [62] κε 0.92± 0.02 [61]
ηcc 1.51± 0.24 [131] |εK | (2.229± 0.012) · 10−3
ηtt 0.5765± 0.0065 [132] SψKS 0.672± 0.024
ηct 0.47± 0.04 [133] τ(Bd) (1.525± 0.009)ps
ηB 0.551± 0.007 [132,134] τ(Bs) (1.425± 0.041)ps
mc(mc) (1.268± 0.009) GeV [62,82] ∆Md (0.507± 0.005) ps−1 [93]
mt(mt) (163.5± 1.7) GeV [135] ∆Ms (17.77± 0.12) ps−1 [93]
Table 3: Values of the input parameters used in our analysis.
the ∆F = 2 observables,
εK , ∆MK , ∆Mq , ∆Md/∆Ms , (7.1)
as well as the CP asymmetry SψKs within 1σ and cosϕ
tot
Bd
> 0.
In order to compare our results to the experimental values, we calculate the propa-
gated error from the corresponding hadronic parameters using Gaussian error propaga-
tion. We accept a point if it is at 1σ within its theoretical uncertainty compatible with
the experimental value and its respective uncertainty.
One exception is the mass difference ∆MK : ∆MK is very precisely measured, but it
is subject to LD contributions that – in spite of many efforts – are not well understood
at present. Several analyses indicate that these contributions are positive and in the
ballpark of 30% of the measured value [136–138]. This is supported by the fact that,
in the SM3, the value of the SD box-diagram contributions ∆MSDK to ∆MK amounts to
only (70 ± 10)% of the measured value. Still, there is significant room in ∆MK for NP
contributions, and we demand 0.7 ≤ ∆MSDK /∆M expK ≤ 1.3. Note that the contributions
from the 4G quarks to the SD part of ∆MK can exceed +30%. In this context we note
that the SM3 value of |εK | also appears to be lower than the data [61]. However, in this
case, LD contributions are estimated to be small [61, 63], and the cure of this anomaly
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can only come either from NP, or from significant changes in the input parameters like
|Vcb| and |Vub|.
In addition to the ∆F = 2 observables, we impose the following constraints from
∆F = 1 observables:
Br(B → Xs`+`−)low.−int. , Br(B → Xsγ) , Br(K+ → pi+νν¯) , (7.2)
each at 4σ, not taking into account the theoretical errors. We note that a constraint
comes also from the upper bound on Br(KL → µ+µ−)SD in (4.34).
Since ∆MK poses no stringent bound on SK , and SK is correlated with XK , YK
etc., we chose to impose the experimental exclusion limits on various Kaon decays.
For consistency reasons, as well as to eliminate highly tuned points, we also constrain
Bs,d → µ+µ−.
Obviously, the chance of a point to fulfil all constraints is much larger for small mixing
angles than for larger ones. We therefore have not plotted all the points that we found
for small mixing angles, but rather tried to give a comparable number of parameter
points over the full allowed range of mixing angles. We would like to stress that (even
without this procedure) the point density in our plots must not be understood as a
probability density. The main information of the various correlation plots is contained
in the enveloping curve for these points, without any preference for different points within
this region.
In presenting the results of the global analysis, it will be useful to use a special colour
coding, in order to emphasise some aspects of the anatomy presented in the next section
and to stress certain points that we found in the process of our numerical analysis:
• The large black point represents the SM3.
• Light blue and dark blue points stand for the results of our global analysis of the
SM4 with the following distinction: light blue stands for Br(KL → pi0νν¯) > 2·10−10
and dark blue for Br(KL → pi0νν¯) ≤ 2 · 10−10. Note that the regions with light
and dark blue points are not always exclusive but that the dark blue points are
plotted above the light blue ones.
• The yellow, green and red colours represent the three scenarios for Sψφ and Br(Bs →
µ+µ−) that are shown in Table 4 and related to Step 2 of the anatomy.
7.2 Violation of Universality
Imposing the existing constraints from tree level determinations of the CKM matrix,
electroweak precision observables and the existing data on the FCNC and CP-violating
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BS1 (yellow) BS2 (green) BS3 (red)
Sψφ 0.04± 0.01 0.04± 0.01 ≥ 0.4
Br(Bs → µ+µ−) (2± 0.2) · 10−9 (3.2± 0.2) · 10−9 ≥ 6 · 10−9
Table 4: Three scenarios for Sψφ and Br(Bs → µ+µ−).
Figure 1: The arguments θiS of the functions Si plotted against the absolute values |Si|
for i = K (left panel), i = d (centre panel) and i = s (right panel).
Figure 2: The arguments θiX of the functions Xi plotted against the absolute values |Xi|
for i = K (left panel), i = d (centre panel) and i = s (right panel).
observables, it is possible to significantly constrain the allowed ranges for the magnitudes
and the phases of the master functions Fi introduced in Section 4. We recall that in the
SM3, the master functions are real and independent of the meson system considered.
In Fig. 1 we show the allowed ranges in the planes (θiS, |Si|) for i = K, d, s. The
flavour-universal SM3 value of |Si| = S0(xt) is indicated by a black dot. In Fig. 2, a
similar analysis is done for the functions Xi. We observe that the flavour universality in
question is significantly violated in a hierarchical manner:
• Concerning |Si|, the largest effects are found for |SK |, followed by |Sd|, and with the
smallest effects found for |Ss|. This hierarchy is familiar from the LHT model and
reflects the factor 1/λ
(i)
t in the definition of Si with |λ(K)t |  |λ(d)t | 6 |λ(s)t |, as well
as the fact that SK is not as directly constrained through εK as Sd is through SψKs
and ∆Md. In addition, as mentioned before, ∆MK only poses a mild constraint.
• The departures of θiS from zero are again largest in the K system. The strong
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preference for θKS < 0 is related — as seen through (4.25) — to the εK-anomaly in
the SM3 [61], whose solution favours ϕK > β¯ − β¯s.
• The phase θdS is already rather constrained through SψKS , but a preference for
θdS > 0 is clearly visible. This reflects the fact that for central values of |Vub|, that
are dominated by inclusive decays, the phase ϕtotBd is required to be smaller than β¯,
in order to fit SψKS (see (4.23)).
• θsS is much less constrained than θdS, as the CP violation in the Bs system is
experimentally basically unknown. The Sψφ anomaly at Tevatron, corresponding
to the red points in Fig. 1, requires θsS > 0, as explicitly seen in (4.23) and (4.22)
[61,139].
• Even for no effects in Sψφ and Br(Bs → µ+µ−) (green points) the SM4 still allows
for large effects in the kaon system.
Similar hierarchies in the violation of universality are observed in the case of the functions
Xi, with the effects in Xs being smallest, not only in the magnitude, but also in its phase.
7.3 Sψφ vs. SφKS and A
bsγ
CP
As pointed out in [15], there is a strong correlation between the CP asymmetries Sψφ
and SφKS within the SM4. We show this correlation in the upper-left panel of Fig. 3.
First of all, we observe that Sψφ can be as large as 0.8 although even larger values are
possible. For Sψφ ≈ 0.4, the asymmetry SφKS is strongly suppressed relative to SψKS
and in the ballpark of 0.4, close to its experimental central value represented by the
horizontal dashed line. The analogous plot for Sη′KS is shown in the upper-right panel
of Fig. 3. The suppression is now significantly weaker, and for Sψφ ≈ 0.4 one finds
Sη′KS ≈ 0.55, in accordance with the data. The big black points represent the SM3
values of the asymmetries in question that are slightly above SψKS [91–93].
Interestingly, for Sψφ ≥ 0.6 the values of SφKs and Sη′Ks predicted by the SM4 are
below their central values indicated by data.
The correlation seen in the upper panels in Fig. 3 can easily be understood by noting
that the ratio λ
(s)
t′ /λ
(s)
t and, in particular, its phase is responsible for departures of both,
Sψφ and SφKS , from the SM3 predictions. A positive complex phase of this ratio implies
the desired enhancement of Sψφ and, through (4.70) and (4.71), a negative phase ϕφKS
of the decay amplitude AφKS . In turn, as seen in (4.73), SφKS is suppressed relative to
SψKS .
At this point some comments are in order
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Figure 3: The CP asymmetries SφKS (upper-left panel), Sη′KS (upper-right panel), A
bsγ
CP
(lower-left panel), AsSL (lower-right panel) shown as functions of Sψφ.
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• The theoretical errors on (the real part of) the bf parameters in (4.63) are of minor
importance. We checked numerically that varying the bf parameters by 10% yields
only small effects on the studied correlations.
• On the other hand, sizable strong phases from non-factorisable final-state inter-
actions may alter the slope for the predicted correlation between SφKS and Sψφ.
This effect explains the difference between our result and the analysis by Soni et
al. [15, 140], where the non-perturbative parameters are taken from [141], which
is based on a phenomenological optimisation of theory input in the context of the
SM3.
The weaker suppression of Sη′KS originates in smaller values of non-perturbative
parameters bi as seen in Table 2. On the other hand, as pointed out in [36,90] in the su-
persymmetric flavour models with exclusively left-handed currents and in the FBMSSM,
the desire to explain the SφKS anomaly implies automatically that A
bsγ
CP is much larger in
magnitude than its SM3 value and has opposite sign. A qualitatively similar behaviour is
found in the SM4, but as SφKS is strongly correlated with Sψφ and the latter asymmetry
is theoretically cleaner, we prefer to show the correlation between AbsγCP and Sψφ. As seen
in the lower-left panel of Fig. 3, for Sψφ ≈ 0.5 the asymmetry AbsγCP reverses the sign
but its magnitude is SM3-like. Larger effects are found for larger |Sψφ|, in particular
negative values of Sψφ, which are however disfavoured by Tevatron data. We conclude
that AbsγCP remains small also in the SM4, but the sign flip for large positive Sψφ could
help to distinguish the SM4 from the SM3.
Finally, in the lower right panel of Fig. 3, we show the familiar correlation between
AsSL and Sψφ [142]. The size of A
s
SL can be by an order of magnitude larger in the SM4
than in the SM3.
7.4 Bs,d → µ+µ−
In Fig. 4, we show Br(Bd → µ+µ−) as a function of Br(Bs → µ+µ−). The straight line in
this plot represents the “Golden Relation” of CMFV models given in (4.31) with r = 1.
We observe very strong departures from CMFV. We also observe that Br(Bd → µ+µ−)
can be as large as 8 · 10−10 and Br(Bs → µ+µ−) as large as 1 · 10−8. The striking
message from Fig. 4, reflecting the non-CMFV character of NP contributions, is that
large enhancement of Br(Bs → µ+µ−) implies SM3-like values of Br(Bd → µ+µ−) and
vice-versa.
In Fig. 5, we show Br(Bd → µ+µ−) and Br(Bs → µ+µ−) as functions of Sψφ. The
disparity between these plots shows the non-CMFV character of the NP contributions in
the SM4. We observe a definite correlation between Br(Bs → µ+µ−) and Sψφ, thus, for a
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Figure 4: Br(Bd → µ+µ−) as a function of Br(Bs → µ+µ−).
Figure 5: Br(Bd → µ+µ−) (left panel) and Br(Bs → µ+µ−) (right panel) each as a
function of Sψφ.
given value of Sψφ, only a certain range for Br(Bs → µ+µ−) is predicted. Moreover, with
increasing Sψφ also Br(Bs → µ+µ−) generally increases. In particular, for Sψφ > 0.4, an
enhancement of Br(Bs → µ+µ−) is found. For Sψφ ≈ 0.4, we find that Br(Bs → µ+µ−)
can reach values as high as 7 · 10−9. For larger values of Sψφ, even higher values of
Br(Bs → µ+µ−) are possible. Interestingly, for SM3-like values of Sψφ, the branching
ratio Br(Bs → µ+µ−) is more likely suppressed than enhanced. We conclude that a
future measurement of Sψφ above 0.4 accompanied by Br(Bs → µ+µ−) close to or below
its SM3 value would put the SM4 into difficulties.
From the right panel in Fig. 5 we can infer the following soft bounds on Br(Bs →
µ+µ−) as a function of Sψφ
Br(Bs → µ+µ−) ≤
(
6 +
(
4 · (Sψφ − (Sψφ)SM)
)4) · 10−9 , (7.3)
Br(Bs → µ+µ−) ≥
{
(−0.08 + Sψφ) · 10−8 for Sψφ > 0
(−0.04− Sψφ) · 10−8 for Sψφ < 0
. (7.4)
In addition we find the global soft upper bound
Br(Bs → µ+µ−) ≤ 1.3 · 10−8 . (7.5)
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Figure 6: TX as a function of TY , as defined in (7.6). The vertical dashed red line
represents the bound (4.34).
7.5 KL → µ+µ−
We begin our analysis of rare K decays with the SD contribution to KL → µ+µ−, on
which the bound is given in (4.34). It turns out that in the SM4 this bound can be
strongly violated, and imposing it has an impact on the size of possible enhancements
in other rare K decays. In order to see this transparently, let us define
TY ≡ Br(KL → µ+µ−)SD, TX ≡ Br(K+ → pi+νν¯)− κ
+
κL
Br(KL → pi0νν¯) , (7.6)
with TX entering the branching ratio Br(K
+ → pi+νν¯) in (4.40). In Fig. 6, we show
TX as a function of TY and find a strong correlation between these two quantities which
could be anticipated on the basis of the analytic expressions for TX and TY . As TY
is bounded from above directly through (4.34), we obtain also an upper bound on TX .
Throughout our numerical analysis, we impose the bound (4.34).
7.6 K+ → pi+νν¯ and KL → pi0νν¯
In Fig. 7, we show Br(KL → pi0νν¯) as a function of Br(K+ → pi+νν¯). The black point
shows the central SM3 values of the branching ratios in question, and the shaded region
corresponds to the experimental 1σ range for Br(K+ → pi+νν¯), with its central value
given by the light vertical dashed line. Unless indicated otherwise, the meaning of dashed
lines and shaded areas will be the same as described here throughout our analysis.
We observe that both branching ratios can be enhanced relative to the SM3 values
in a spectacular manner. This is in particular the case for Br(KL → pi0νν¯), which can
reach values as high as 10−9, that is by a factor of 40 larger than found in the SM3.
Br(K+ → pi+νν¯) can be by a factor of 4 larger than in the SM3. We note that the
Grossman-Nir (GN) [143] bound on Br(KL → pi0νν¯) can be saturated for all values
of Br(K+ → pi+νν¯) shown in the plot. We also observe that large enhancements of
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Figure 7: Br(KL → pi0νν¯) as a function of Br(K+ → pi+νν¯). The dotted line corresponds
to the model-independent GN bound.
Br(KL → pi0νν¯) imply necessarily enhancements of Br(K+ → pi+νν¯). The converse is
obviously not true, but for Br(K+ → pi+νν¯) > 1.7 · 10−10 the Br(KL → pi0νν¯) is either
below 10−10 or close to the GN bound and larger than 6 · 10−10. For an earlier analysis
of K → piνν¯, where large effects of 4G quarks can be found, see [13].
The pattern seen in Fig. 7 can be understood as follows. The horizontal lower branch,
on which Br(KL → pi0νν¯) does not depart by much from the SM3 values but Br(K+ →
pi+νν¯) can be strongly enhanced, corresponds to the range of parameters for which
the term TX in (4.40) dominates Br(K
+ → pi+νν¯). But as we have seen above, TX is
efficiently constrained by the bound on Br(KL → µ+µ−)SD, and consequently a stringent
upper bound is put on Br(K+ → pi+νν¯) on this branch 5. The second branch, on
which both K → piνν¯ branching ratios can be strongly enhanced, corresponds to the
region of parameters for which TX is subdominant and the first term in (4.40) dominates
Br(K+ → pi+νν¯). Comparing (4.40) and (4.41), we observe in this case a very strong
correlation between Br(KL → pi0νν¯)SD and Br(K+ → pi+νν¯): their ratio is simply given
by κL/κ+ ≈ 4.3 which is precisely the GN bound.
It is evident from this discussion that the upper branch, in contrast to the lower
branch, is not affected by the bound on Br(KL → µ+µ−). In order to see how the latter
bound affects other observables, we divide the points in Fig. 7 in two groups, with the
ones corresponding to Br(KL → pi0νν¯) > 2 · 10−10 represented by light blue points.
In spite of the interesting pattern of deviations from the SM3 seen in Fig. 7, we
conclude that on the basis of the present constraints the predictive power of the SM4
is limited, except that spectacular deviations from the SM3 are definitely possible, but
suppressions cannot be excluded. We also note that even for large values of Sψφ and
Br(Bs → µ+µ−) that are represented by red points, large NP effects in both branching
ratios are possible. In Fig. 8, we look closer at the latter feature. A large enhancement
5The fact that the bound on Br(KL → µ+µ−)SD can have sizable impact on Br(K+ → pi+νν¯) has
already been pointed out in [120]. See also [121].
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Figure 8: Br(K+ → pi+νν¯) (left panel) and Br(KL → pi0νν¯) (right panel) as functions
of the CP asymmetry Sψφ.
of both branching ratios is clearly possible as already seen in Fig. 7. Moreover, these
plots look very different from those found in the LHT and RSc models [31–35].
In [144] the impact of εK on the correlation of Br(KL → pi0νν¯) and Br(K+ → pi+νν¯)
was studied. It was argued that in the case of correlated phases in the NP contributions
to ∆F = 2 and ∆F = 1 processes one naturally gets the observed two branched structure
of the correlation. However even if this assumption is relaxed, the presence of additive
NP contributions to εK implies
θXK 6= β¯ − β¯s ±
pi
2
, (7.7)
and consequently the upper branch never reaches the GN bound. In the SM4 also Imλ
(K)
c
is affected and |Imλ(K)c | 
(
|Imλ(K)c |
)
SM
can compensate for large effects introduced
through changes in λ
(K)
t and through λ
(K)
t′ . Effectively the SM4 is able to maximally
violate the assumption of correlated new phases in εK and K → piνν¯ and the GN bound
can be reached. The effects of |Imλ(K)c | 
(
|Imλ(K)c |
)
SM
on Br(KL → pi0νν¯) can be
neglected, which is evident from the structure of (4.40) and (4.41).
7.7 KL → µ+µ− and K+ → pi+νν¯
In order to understand still better the structure of NP effects in Fig. 7, we show in
Fig. 9 the correlation between Br(KL → µ+µ−)SD and Br(K+ → pi+νν¯). We observe
that most points cluster around two branches corresponding to the two branches in
Fig. 7. On one of them Br(KL → µ+µ−)SD is suppressed relative to the SM3 value while
Br(K+ → pi+νν¯) can be large. On the second branch Br(KL → µ+µ−)SD can reach the
upper limit at which point Br(K+ → pi+νν¯) is most likely in the ballpark of the central
experimental value. Still, as seen in Fig. 9, other combinations of the values of both
branching ratios cannot be excluded at present.
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Figure 9: The SD contribution to Br(KL → µ+µ−) as a function of Br(K+ → pi+νν¯).
Figure 10: Br(K+ → pi+νν¯) as a function of Br(Bs → µ+µ−).
7.8 Bs → µ+µ− vs. K+ → pi+νν¯
In Fig. 10, we show Br(K+ → pi+νν¯) as a function of Br(Bs → µ+µ−). The striking
feature in this plot is the disparity of possible enhancements of both branching ratios
relative to the SM3 values. While Br(K+ → pi+νν¯) can be strongly enhanced, as already
seen in Figs. 7 and 8, the possible enhancement of Br(Bs → µ+µ−) is more modest. We
also conclude that there is no strong correlation between both branching ratios, so that
they can be enhanced significantly at the same time, but this is not necessarily the case.
7.9 B → Xsνν¯, KL → pi0νν¯ and Bs → µ+µ−
In Fig. 11, we show Br(KL → pi0νν¯) as a function of Br(B → Xsνν¯). Similar to Fig. 10,
the 4G effects can be much larger in KL → pi0νν¯ than in B → Xsνν¯. In fact, this plot
is similar to the one in Fig. 10, except that the possible enhancement of Br(B → Xsνν¯)
is more modest than the one of Br(Bs → µ+µ−). While there is no visible correlation
between the two branching ratios in Fig. 11, Br(B → Xsνν¯) is significantly correlated
with Br(Bs → µ+µ−) as seen in Fig. 12. In particular, both branching ratios are most
likely either simultaneously enhanced or simultaneously suppressed with respect to their
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Figure 11: Br(KL → pi0νν¯) as a function of Br(B → Xsνν¯).
Figure 12: Br(Bs → µ+µ−) as a function of Br(B → Xsνν¯).
SM3 values.
7.10 KL → pi0e+e− vs. KL → pi0µ+µ−
In Fig. 13, we show the correlation between Br(KL → pi0e+e−) and Br(KL → pi0µ+µ−),
also familiar from the LHT model [32]. We show only the “+” solution with the SM3
values given in (4.88) and (4.89). As expected, the allowed enhancements are not as
pronounced as in the case of KL → pi0νν¯. However, they are still much larger than in
the LHT model: one order of magnitude for both branching ratios with slightly larger
effects for KL → pi0µ+µ−.
7.11 KL → pi0`+`− vs. KL → pi0νν¯
In Fig. 14, we show a correlation between Br(KL → pi0`+`−) and Br(KL → pi0νν¯)
that has also been found in the LHT and RSc models [31–35]. The enhancement of
one of the branching ratios implies automatically the enhancement of the other. We
show only the results for Br(KL → pi0νν¯) 6 2 · 10−10, as the extrapolation to higher
values is straightforward. The main message from this plot is that the enhancement
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Figure 13: Br(KL → pi0e+e−) as a function of Br(KL → pi0µ+µ−).
Figure 14: Br(KL → pi0e+e−)+ as functions of Br(KL → pi0νν¯) (left panel), Br(KL →
pi0µ+µ−)+ as functions of Br(KL → pi0νν¯) (right panel).
of Br(KL → pi0νν¯) can be much larger than the one of Br(KL → pi0`+`−), as already
anticipated on the basis of analytic formulae.
7.12 The ratio ε′/ε
In Fig. 15, we show ε′/ε as a function of Sψφ for four different scenarios of the non-
perturbative parameters R6 and R8: (R6, R8) = (1.0, 1.0) (upper left panel), (1.5, 0.8)
(upper right panel), (2.0, 1.0) (lower left panel) and (1.5, 0.5) (lower right panel). Each
set of points has the SM3 value indicated by a black dot. ΛMS has been set to 340 MeV.
The non-perturbative parameters R6 and R8 are defined as
R6 ≡ B(1/2)6
[
121 MeV
ms(mc) +md(mc)
]2
, R8 ≡ B(3/2)8
[
121 MeV
ms(mc) +md(mc)
]2
. (7.8)
As a general feature the SM4 can fit ε′/ε for all sets of non-perturbative parameters
considered by us. However, the striking feature of these plots is the difficulty in repro-
ducing the experimental data for ε′/ε within the SM4 when Sψφ is large and positive
(red points) as suggested by the Tevatron data. Thus if the latter data will be confirmed
ε′/ε can put the SM4 under pressure, unless R6 is significantly larger than unity and R8
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Figure 15: ε′/ε as a function of the CP asymmetry Sψφ for four different scenarios of the
non-perturbative parameters. (R6, R8) = (1.0, 1.0) (upper left panel), (1.5, 0.8) (upper
right panel), (2.0, 1.0) (lower left panel) and (1.5, 0.5) (lower right panel).
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R6 R8
1.0 1.0 dark blue
1.5 0.8 purple
2.0 1.0 green
1.5 0.5 orange
Table 5: Four scenarios for the parameters R6 and R8
Figure 16: Correlations including the ε′/ε-constraint (colour-coding according to Ta-
ble 5) .
sufficiently suppressed below one. This discussion demonstrates again that in order to
use ε′/ε to constrain NP the knowledge of the parameters R6 and R8 has to be improved
significantly. An analysis of ε′/ε in the 4G model has been presented in [13], where the
hadronic uncertainties known from previous studies have been reemphasised. However,
the direct impact of large Sψφ on ε
′/ε has not been studied in details there as we do
below.
It is then of interest to investigate what impact ε′/ε would have on our analysis
when R6 and R8 were precisely known. To this end we introduce still another coding
in Table 5, this time for different values of R6 and R8. In Fig. 16 we show then the
most interesting correlations, this time including also the ε′/ε-constraint. These are
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SφKS vs. Sψφ, Br(Bs → µ+µ−) vs. Sψφ, Br(KL → pi0νν¯) vs. Br(K+ → pi+νν¯) and
Br(KL → pi0νν¯) vs. Sψφ. These plots should be compared to the plots in Figs. 3, 5, 7
and 8 respectively, where the ε′/ε constraint has not been taken into account.
We observe the following striking features already anticipated on the basis of Fig. 15:
• Sψφ can be at most 0.4 and this upper bound is only reached for the green and
orange points where the ratio R6/R8 ≥ 2
• For the large N case R6 = R8 = 1 represented by dark blue points, we identify the
following rough absolute bounds
Sψφ . 0.25 , Br(KL → pi0νν¯) . 4 · 10−10 ,
Br(K+ → pi+νν¯) . 2 · 10−10 , Br(Bs → µ+µ−) . 4.9 · 10−9 ,
where in the last case Sψφ > 0 has been assumed in accordance with CDF and D0
data.
• Weaker bounds are found for purple and in particular green and orange points
where the role of electroweak penguins relative to QCD penguins in ε′/ε is sup-
pressed and it is easier to have larger 4G effects in rare K and B decays, while still
satisfying the ε′/ε constraint.
Finally we would like to remark that the enhancements of rare K decay branching
ratios found here are larger than the bounds in [120] would suggest. This is related to the
fact that in the SM4 the NP effects in neutral meson mixing can be significantly larger
than assumed in [120], implying that the range for Imλt in the SM4 can be significantly
larger than used in [120].
7.13 Violation of CKM Unitarity
From our discussion of unitarity of the matrix V4G in Section 2, we see that the sub-matrix
describing the 3G mixing, for non-vanishing mixing angles θi4, is necessarily non-unitary.
A similar effect was observed also in the RS model with custodial protection [145]. In
order to quantitatively describe the deviation from unitarity, we define
Ku ≡ VCKM3V †CKM3 , Kd ≡ V †CKM3VCKM3 (7.9)
which are generally different from the 3× 3 unit matrix. In particular, we find
|Ku − 1|ij = |Vib′V ∗jb′| , |Kd − 1|ij = |Vt′iV ∗t′j| . (7.10)
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|1−K|ij (a) 431 (b) 211 (c) 231 (d) 321
|Vud|2 + |Vcd|2 + |Vtd|2 = Kd11 |Vt′d|2∼λ2n1 λ8 λ4 λ4 λ6
1 λ2 λ6
|Vus|2 + |Vcs|2 + |Vts|2 = Kd22 |Vt′s|2∼λ2n2 λ6 λ2 λ6 λ4
λ2 1 λ4
|Vub|2 + |Vcb|2 + |Vtb|2 = Kd33 |Vt′b|2∼λ2n3 λ2 λ2 λ2 λ2
λ6 λ4 1
|Vud|2 + |Vus|2 + |Vub|2 = Ku11 |Vub′ |2∼λ2n1 λ8 λ4 λ4 λ6
1 λ2 λ6
|Vcd|2 + |Vcs|2 + |Vcb|2 = Ku22 |Vcb′|2∼λ2n2 λ6 λ2 λ6 λ4
λ2 1 λ4
|Vtd|2 + |Vts|2 + |Vtb|2 = Ku33 |Vtb′|2∼λ2n3 λ2 λ2 λ2 λ2
λ6 λ4 1
VudV
∗
us + VcdV
∗
cs + VtdV
∗
ts = K
d
12 |Vt′dV ∗t′s|∼λn1+n2 λ7 λ3 λ5 λ5
λ λ λ5
VudV
∗
ub + VcdV
∗
cb + VtdV
∗
tb = K
d
13 |Vt′dV ∗t′b|∼λn1+n3 λ5 λ3 λ3 λ4
λ3 λ3 λ3
VusV
∗
ub + VcsV
∗
cb + VtsV
∗
tb = K
d
23 |Vt′sV ∗t′b|∼λn2+n3 λ4 λ2 λ4 λ3
λ4 λ2 λ2
VudV
∗
cd + VusV
∗
cs + VubV
∗
cb = K
u
12 |Vub′V ∗cb′ |∼λn1+n2 λ7 λ3 λ5 λ5
λ λ λ5
VudV
∗
td + VusV
∗
ts + VubV
∗
tb = K
u
13 |Vub′V ∗tb′ |∼λn1+n3 λ5 λ3 λ3 λ4
λ3 λ3 λ3
VcdV
∗
td + VcsV
∗
ts + VcbV
∗
tb = K
u
23 |Vcb′V ∗tb′|∼λn2+n3 λ4 λ2 λ4 λ3
λ4 λ2 λ2
Table 6: CKM unitarity relations and the amount by which they are broken in the SM4
in the four scaling scenarios introduced in Section 2. For comparison, in the first column
we also give the scaling for the three individual terms on the l.h.s. of the relation.
In Table 6, we collect the entries of Ku,d and give the deviations from 3G unitarity in
terms of the scaling of the mixing angles θi4 for the benchmark scenarios introduced in
Section 2. We see that, for several unitarity relations, the violation in the SM3 can be
of the same size as the largest individual contribution from 3G mixing angles.
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Figure 17: Br(B → Xsγ) as a function of Br(B → Xs`+`−)q2>14.4GeV2 .
7.14 B → Xsγ and B → Xs`+`−
In Fig. 17 we show Br(B → Xsγ) versus Br(B → Xs`+`−)q2>14.4GeV2 . This plot is self-
explanatory and shows that enhancements of Sψφ and Br(Bs → µ+µ−) (red points) are
fully consistent with the experimental data for the two branching ratios shown in the
plot. On the other hand the reduction of the experimental error on Br(B → Xs`+`−)
could have a significant impact on the red points. We confirmed that the zero s0 of the
forward-backward asymmetry remains SM3-like. Variations up to 10% are possible, but
since this is comparable with the theoretical errors (NLO calculation) we do not further
discuss this issue here. See Section 4.10 for details.
8 Anatomy
8.1 Step 1
We begin the anatomy of the SM4 by analysing the three scenarios for |Vub| and δ13
defined in Table 7. The three scenarios in question correspond to ones discussed in [36]
and can be characterised as follows:
S1: (K)SM is lower than the data, while SΨKS and ∆Md/∆Ms are compatible with
experiment. The orange points in Fig. 18-20 correspond to the removal of this
anomaly within the SM4.
S2: (SψKS)SM is above the data, while K and ∆Md/∆Ms are compatible with experi-
ment. The purple points in Fig. 18-20 correspond to the removal of this anomaly
within the SM4.
S3: (∆Md/∆Ms)SM is much higher than the data, while K and SΨKS are compatible
with experiment. The green points in Fig. 18-20 correspond to the removal of this
anomaly within the SM4.
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S1 (orange) S2 (purple) S3 (green)
|Vub| 0.0034± 0.00015 0.0043± 0.0001 0.0037± 0.0001
δ13 (66± 2)◦ (66± 2)◦ (84± 2)◦
Table 7: Three scenarios for the parameters s13 and δ13
Figure 18: We show the colour coding of the tension scenarios (left panel) and Br(B →
Xsγ) vs. Br(B → Xs`+`−)q2>14.4GeV2 (right panel) for the tension scenarios defined in
Tab. 7.
The clear lessons from this analysis are as follows:
• Due to the 4G contributions to εK and SψKS in all scenarios simultaneous agree-
ment with the data for these two observables can be achieved taking all existing
constraints into account.
• However, only in scenario S1 values of Sψφ can be significantly enhanced and con-
sequently SφKS and Sη′KS significantly suppressed. As an example, we show in
Fig. 19 (right panel) this situation by plotting SφKS as a function of Sψφ.
• As shown in Fig. 20, in all three scenarios significant enhancements of Br(K+ →
pi+νν¯), Br(KL → pi0νν¯) and Br(KL → µ+µ−) are possible.
• On the other hand, as shown in the lower panel of Fig. 19 (right panel), the
departure of Br(Bs → µ+µ−) can be up to a factor of 4 for all three scenarios.
However we found no points with large positive Sψφ for S2 and S3 which in turn
puts a loose upper limit on Br(Bs → µ+µ−) in these scenarios provided Sψφ > 0.
8.2 Step 2
In the next three years, LHCb should be able to provide good data on Sψφ and Br(Bs →
µ+µ−). As we have seen in Fig. 5, a measurement of Sψφ above 0.5 accompanied by
54
Figure 19: We show Br(Bs → µ+µ−) vs. Sψφ (left panel) and SφKs vs. Sψφ (right panel)
for the tension scenarios defined in Tab. 7. The colour coding is defined in this table and
can be read from the left panel of Fig. 18.
Figure 20: We show Br(KL → pi0νν¯) vs. Br(K+ → pi+νν¯) (left panel) and Br(KL →
µ+µ−)SD vs. Br(K+ → pi+νν¯) (right panel) for the tension scenarios defined in Tab. 7.
The colour coding is defined in the table and can be read of Fig. 18 left panel.
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Br(Bs → µ+µ−)exp ≤ Br(Bs → µ+µ−)SM would put the SM4 under pressure. Similarly
for SM3-like values of Sψφ, Br(Bs → µ+µ−) can only be slightly enhanced over its SM3
value, and in fact a suppression of the latter branching ratio is more likely in this case.
In view of this pattern, we considered three scenarios shown in Table 4 and asked
what they would imply for other decays. The result of this exercise is shown in all plots
of Section 7 where the three scenarios of Table 4 are exhibited in three different colours
indicated in this table. Alternatively, the colour coding can be conveniently inferred
from Fig. 5. This results are self-explanatory and have been briefly discussed already in
Section 7. Let us then only summarise our observations:
• As seen in Fig. 3, the SφKS and SψKS anomalies can only be explained in scenario
BS3.
• As seen in Fig. 4, in the BS1 and BS3 scenarios the branching ratio Br(Bd → µ+µ−)
remains SM3-like, while in scenario BS2 it can be enhanced by a factor of two.
• As seen in Figs. 7 and 9 in all three scenarios large NP effects in Br(K+ → pi+νν¯),
Br(KL → pi0νν¯) and Br(KL → µ+µ−) are possible. Moreover in scenario BS3 they
are particularly strongly correlated with each other.
• For large positive values of Sψφ the predicted value of ε′/ε is significantly below
the data, unless the hadronic matrix elements of the electroweak penguins are
sufficiently suppressed with respect to the large N result and the ones of QCD
penguins enhanced.
This analysis shows that we will learn a lot about the SM4 when Sψφ, Br(Bs → µ+µ−),
Br(K+ → pi+νν¯) and Br(KL → pi0νν¯) will be precisely known.
9 Determining the VSM4 matrix
9.1 Preliminaries
As discussed in previous sections, the mixing between the third and fourth generation is
bounded by the electroweak precision data and cannot be significantly larger than s12.
Similarly, s14 and s24 are bounded by (2.24). As a consequence, as can be explicitly seen
by the generalised Wolfenstein expansion for our benchmark scenarios (2.29–2.32), the
relation between CKM parameters and the matrix elements Vus, Vcd, Vub, Vcb,
s12 = λ ' |Vus| ' |Vcd| , s23 = Aλ2 ' |Vcb| ,
s13 = Aλ
3|zρ| ' |Vub| , δ13 = −arg(zρ) ' −arg(Vub) , (9.1)
56
are to a very good approximation unaffected by 4G contributions. Therefore the SM3
CKM parameters can be determined from the corresponding tree-level decays, practically
without any NP pollution, with δ13 determined from B → DK. In particular such a
determination does not require the 3 × 3 CKM matrix to be unitary.6 In the present
section we will further use (2.26) for the 4G mixing angles, in order to indicate how the
VSM4 matrix can, in principle, be determined from future data.
A further comment on the determination of δ13 ≈ γ is in order.
In the approximation of neglecting the phase of Vcs and Vcb, being real in the CKM
convention, the Bs → DsK complex in the SM3 measures directly a linear combination
of the phase γ and the phase of Bs-mixing, where the latter can be extracted from
Sψφ. Analogous comments apply to Bd → Dpi decays. In the presence of 4G quarks, the
phases in Bs and Bd mixing may change, but again they can be determined from the Sψφ
and SψKS asymmetries, respectively. The new feature, as seen in (2.19), are new phases
of Vcb and Vcs induced by the presence of the 4G quarks. However, the imposition of
tree-level and electroweak precision constraints implies that this NP pollution amounts
to significantly less than 1◦ in the determination of δ13 and can be safely neglected.
Analogous comments apply to other tree-level methods for the determination of δ13.
The determination of the new parameters in the VSM4 matrix,
s14 , s24 , s34 , δ14 , δ24 , (9.2)
is probably beyond the scope of flavour-violating high-energy processes explored at the
LHC and will have to be made through FCNC processes that, as in the SM3, appear
first at the one-loop level due to the GIM mechanism at work. The accuracy of this
determination will depend on
i) the precision of the relevant experimental data,
ii) the theoretical cleanliness of the observables involved (i.e. observables with small
hadronic uncertainties should be favoured),
iii) the potential size of NP contributions to the considered observable.
Clearly, the room for NP contributions to observables that are known already precisely
will depend on the values of the CKM parameters in (9.1). In this context, let us recall
the existing tension between the experimental values of εK and SψKS within the SM3
that has been extensively discussed in [61,139,146,147]. Whether the SM3 has a problem
6Needless to say, |Vus|, |Vub|, |Vcb| and δ13 can be determined from tree-level decays even in the
absence of this approximation, but the relation to the fundamental parameters is less transparent and
involves the 4G parameters.
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with εK , SψKS or both observables depends on the values in (9.1). In turn, this will have
an impact on the determination of the new parameters in (9.2). In what follows, we
will first make a list of observables that could help us in the future to determine the
parameters (9.2), subsequently illustrating such determinations on a few examples. A
more extensive general numerical analysis appears to us to be premature at present. On
the other hand, as we will see in Section 9.3, new insight can be gained by examining
the anatomy of different scaling scenarios for the mixing angles and their implications
for various flavour observables.
9.2 Basic Observables
Among the FCNC observables that have already been measured, the values for
εK , ∆Md/∆Ms , SψKS , Br (B → Xsγ) (9.3)
have presently the dominant impact on the allowed structure of the VSM4 matrix. In-
deed, SψKS is theoretically very clean (see also the comment before Eq. (2.37)), and the
hadronic uncertainties in εK and ∆Md/∆Ms are below 5% already now and are expected
to be decreased further in the coming years through improved lattice calculations.
Of particular interest in this decade will be the measurements of the branching ratios
for
Bs,d → µ+µ− , K+ → pi+νν¯ , KL → pi0νν¯ , B → Xsνν¯ , (9.4)
and, very importantly, of the CP-violating observables
Sψφ , SφKS , ACP(b→ sγ) . (9.5)
In particular, various correlations between all these observables will significantly con-
strain the allowed range of the SM4 parameters and even have the power to exclude this
NP scenario. Assuming that the SM4 will survive these new tests and having at hand
all these measurements, it will be possible to determine the matrix VSM4. Indeed, let us
note on the basis of the formulae of Section 4 that all these observables depend on six
complex variables involving new parameters (see (2.33)),
λ
(K)
t′ , λ
(s)
t′ , λ
(d)
t′ , λ
(K)
t , λ
(s)
t , λ
(d)
t , (9.6)
that are not fully independent as, with (9.1) being fixed, they depend on the five param-
eters in (9.2). It is instructive to write down the expressions for λ
(i)
t(
′) setting cij = 1 and
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neglecting higher-order terms in the Wolfenstein expansion, leading to
λ
(d)
t′ = V
∗
t′bVt′d ≈
(
s34 + s13s14e
i(δ13−δ14) + s23s24e−iδ24
)
× (eiδ14s14 − eiδ24s12s24 − eiδ13s13s34 + s12s23s34)
≈ −eiδ13s13s234 + s34
(
s14e
iδ14 − s12s24eiδ24
)
+ s14s23s24e
i(δ1,4−δ24) − s12s23
(
s224 − s234
)
, (9.7)
λ
(s)
t′ = V
∗
t′bVt′s ≈
(
s34 + s13s14e
i(δ13−δ14) + s23s24e−iδ24
)
× (eiδ24s24 + eiδ14s12s14 − s23s34)
≈ s12s14s34eiδ14 + s24s34eiδ24 + s23
(
s224 − s234
)
, (9.8)
λ
(K)
t′ = V
∗
t′sVt′d ≈ (e−iδ24s24 + e−iδ14s12s14 − s23s34)
× (eiδ14s14 − eiδ24s12s24 − eiδ13s13s34 + s12s23s34)
≈ s24
(−s12s24 + s14ei(δ14−δ24))− s24s34e−iδ24 (−s12s23 + s13eiδ13)
+
(
s12s24e
iδ24 − s14eiδ14
) (
s23s34 − s12s14e−iδ14
)
≈ λ
(s)∗
t′ λ
(d)
t′
|Vt′b|2 , (9.9)
λ
(d)
t = V
∗
tbVtd ≈ −s13eiδ13 − s14s34eiδ14 + s12
(
s23 + s24s34e
iδ24
)
≈ −s13eiδ13 + s12s23 − λ(d)t′ , (9.10)
λ
(s)
t = V
∗
tbVts ≈ −s23 − s24s34eiδ24
≈ −s23 − λ(s)t′ , (9.11)
λ
(K)
t = V
∗
tsVtd ≈
(
s23 + s24s34e
−iδ24)
× (s13eiδ13 + s14s34eiδ14 − s12 (s23 + s24s34eiδ24))
≈ λ(s)∗t λ(d)t . (9.12)
We observe that, in general, the variables λ
(K,s,d)
t(
′) involve all 5 mixing parameters
associated with the 4G in a rather complicated way. Some simplification arises if we
assume a certain scaling of the mixing angles θi4, for instance with one of our benchmark
scenarios of Section 2. Let us, as an example, study the case (2.14), for which the above
equations simplify as follows:
λ
(s)
t′ ≈ eiδ24s24s34 ≡ σ23 ,
λ
(d)
t′ ≈ s34
(
s14e
iδ14 − s12s24eiδ24
) ≡ σ13 − s12σ23
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λ
(K)
t′ ≈ s24
(−s12s24 + s14ei(δ14−δ24)) = 1
s234
σ∗23 (σ13 − s12σ23) [=
1
s234
λ
(s)∗
t′ λ
(d)
t′ ] ,
λ
(s)
t ≈ −s23 − s24s34eiδ24 = −s23 − λ(s)t′ ,
λ
(d)
t ≈ −s13eiδ13 − s14s34eiδ14 + s12
(
s23 + s24s34e
iδ24
)
= −s13eiδ13 + s12s23 − λ(d)t′ ,
λ
(K)
t ≈
(
s23 + s24s34e
−iδ24) (s13eiδ13 + s14s34eiδ14 − s12 (s23 + s24s34eiδ24))
=
(
s23 + λ
(s)∗
t′
)(
s13e
iδ13 − s12s23 + λ(d)t′
)
, (9.13)
where the following two combinations of new parameters (9.2) have been introduced:
σ13 ≡ s14s34eiδ14 , σ23 ≡ s24s34eiδ24 . (9.14)
For this particular case, we observe that
i) λ
(K)
t and λ
(K)
t′ depend on σ13, σ23 and s34.
ii) λ
(d)
t and λ
(d)
t′ depend on σ13 and σ23.
iii) λ
(s)
t and λ
(s)
t′ are sensitive to σ23 only. The determination of ∆Ms, Br(Bs → µ+µ−)
and Sψφ will thus play an important role in constraining these parameters. More-
over for s24 & s23s34 and δ24 not too small, Sψφ should be much larger than its
SM3 value (Sψφ)SM ≈ 0.04 as we have seen in Section 7.
In view of the many possibilities for theoretical parameters and phenomenological
observables, we will in the following develop a general procedure that allows us to analyse
future experimental data in a systematic manner. Let us first consider the plots in Fig. 21,
which show correlations between various parameters of the SM4, on the basis of the three
scenarios of Table 4. In particular,
• in the case of the scenario BS3 of Table 4, there is a strong correlation between s24
and s14 with s24 ∼ 4s14 and s24 in the range
0.046 ≤ s24 ≤ 0.17 . (9.15)
• δ14 and δ24 are also very strongly correlated in the BS3 scenario with δ14 ≈ δ24 ≈
270◦ ± 20◦.
• in the lower left panel of Fig. 21 one can see the strong correlation (2.24) of s34 and
mt′ . We checked numerically that treating the EWPT in this approximate manner
indeed gives reasonable bounds on mt′ .
In the following section, we will analyse these correlations within specific scaling scenarios
for the 4G mixing angles.
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Figure 21: Correlations between the new parameters for the parameter points used in
our global analysis. The mixing angle s24 as a function of s14 (upper left panel), s34 as
a function of s24 (upper right panel), mt′ as a function of s34 (lower left panel) and δ24
as a function of δ14 (lower right panel). The colour coding corresponds to scenarios of
Table 4.
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9.3 Anatomy of 4G mixing angles and CP phases
As explained in Section 2, the 4G mixing matrix allows for different scalings of the 4G
mixing angles θ14, θ24 and θ34 with the Wolfenstein parameter λ 1. Among the set of
parameters that fulfil the present constraints on flavour observables, we may thus classify
different subsets by calculating the exponents
(n1, n2, n3) = round (logλ [θ14, θ24, θ34]) , (9.16)
in (2.28) for λ = s12  1. Furthermore (see also Fig. 21), for a given set (n1, n2, n3),
the allowed values for the new CP phases δ14 and δ24 also exhibit a more or less strong
correlation, which we will exploit to further distinguish different regions in the 4G pa-
rameter space. This enables us to identify a set of equivalence classes which – as we
will illustrate – share certain characteristic features for the corresponding predictions for
various flavour observables.
According to our discussion above, values (n1, n2, n3) that do not fulfil the inequalities
(2.9), from the theoretical point of view, should be considered as fine-tuned and will not
be included in the subsequent discussion. (We convinced ourselves that we do not miss
any of the observed phenomenological features by doing so.) For the remaining cases,
we first identify – for a given scaling (n1, n2, n3) – the allowed correlations between δ14
and δ24, and then determine the assignment to one or the other equivalence class. Our
procedure is summarised for the most prominent and representative examples in Table 8:
• Evidently, for small values of the ni (i.e. large values of 4G mixing angles), one
expects the largest deviations from the SM3 predictions. In fact, the most extreme
case is characterised by example (2.14) from Section 2, with values (n1, n2, n3) =
(2, 1, 1). As we already discussed, in this scenario the new 4G phases contribute
at leading order to CP-violating observables, and therefore δ14 and δ24 are highly
correlated and constrained. Separating the different relative and absolute signs of
δi4 enables us to classify the subsets 1a, 1b, 2a, 2b which show characteristic features
in the selected set of observables shown in Tables 9+10. Similar correlations are
found for the (2, 2, 1) scenario.
• Decreasing the values of (some of) the mixing angles (i.e. increasing n1, n2, n3), we
observe that the correlations between the 4G phases become broader. Still, the
values populate restricted areas in the δ24–δ14 plane, which again allows to identify
sub-classes with definite properties. A typical example is the case (3, 2, 1) from our
benchmark scenario (2.17). This scenario divides into two well-separated regions.
Among one of them, we may (or may not) identify a subset of points as belonging
to class 1a. This kind of arbitrariness is unavoidable (and expected), since the
separation of points from scenario (2, 2, 1) and (3, 2, 1) is not clear-cut.
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(n1, n2, n3) Correlation δ24 vs. δ14 Assignment
(2, 1, 1)
(2, 2, 1)
→

class 1a: δ14 < δ24 < δ14 +
pi
8 , δ24 < 0.
class 1b: δ14 − pi8 < δ24 < δ14, δ24 < 0.
class 2a: δ14 < δ24 < δ14 +
pi
8 , δ24 > 0.
class 2b: δ14 − pi8 < δ24 < δ14, δ24 > 0.
(3, 2, 1) →

class 1a: δ14 < δ24 < δ14 +
pi
8 , δ24 < 0.
class 2a/3a: δ14 < δ24 < δ14 +
3pi
8 , δ24 > 0.
class 3b: δ14 − 3pi8 < δ24 < δ14.
(3, 3, 1)
(3, 3, 2)
→

class 3a: δ14 +
pi
8 < δ24 < δ14 +
pi
2 .
class 3b: δ14 − 3pi4 < δ24 < δ14.
class 4: δ14 − 9pi8 < δ24 < δ14 − 3pi4 .
(4, 3, 1)
(4, 3, 2)
→
{
class 5: δ14 − 3pi2 < δ24 < δ14 + pi4
(2, 3, 1) →
{
class 6: δ14 +
pi
8 < δ24 < δ14 +
3pi
4 .
class 7: δ14 − 9pi8 < δ24 < δ14 − pi4 .
Table 8: Correlations between 4G phases for different scalings of 4G mixing angles
(some selected examples). The constraints on the phases, of course, are understood to
be periodic in units of 2pi.
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• For even smaller values of mixing angles, we observe for the cases (3, 3, 1) and
(3, 3, 2) a separation into three sub-classes, where two classes (3a and 3b) can be
considered as a continuation of those from the (3, 2, 1) scenario, and class 4 is new.
• Considering (4, 3, 1) (the benchmark scenario (2.12) discussed in Section 2) and
(4, 3, 2), the former classes 3b and 4 merge into one class 5 which already covers
around half of the δ24-δ14 plane. Finally, for the scenario (2.16) with the scaling
(2, 3, 1), the former class 3a continues into class 6, while 3b and 4 merge into
class 7, where the parameter space in the δ24-δ14 plane is again somewhat more
constrained.
Having identified the different sub-classes, we investigate the characteristic features
for certain phenomenological observables in Tables 9-12. We see that each class can be
distinguished from the others by at least one of the shown correlations: Br(Bs → µ+µ−)
vs. Sψφ, SφKS vs. Sψφ, Br(b→ sγ) vs. Br(B → Xs``), Br(KL → µ+µ−)SD vs. Br(K+ →
pi+νν¯) (The colour-coding is as defined in Table 4).
Turning the argument around, the observation of a combination of particular corre-
lations in rare flavour processes can be translated into one or the other favoured scenario
for 4G mixing angles and CP phases. Only after a particular scaling scenario has been
identified, the formulae for λ
(K,d,s)
t′ in (9.9–9.11) can be simplified, and we may (more or
less) unambiguously determine the 4G mixing parameters from the future experimen-
tal data. We emphasise that, quite generally, such a procedure should be applied to
the analysis of flavour parameters in NP models without MFV. In particular, without
a specific theory of flavour at hand, the fact that certain scaling scenarios – like (2.12)
– are represented by only a small number of points in the overall scan of parameter
space, should not be taken as a signal for a small probability to observe the associated
correlations in flavour observables.
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Class 108 ·Br(Bs→µ+µ−) vs. Sψφ SφKS vs. Sψφ
1a: · · ·
1b: · · ·
2a: · · ·
2b: · · ·
3a: · · ·
. . . . . .
Table 9: Selected correlations for classes identified in Table 8 (part 1 of 4). (The
colour-coding is as defined in Table 4).
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104 ·Br(b→sγ)
vs. 106 ·Br(B→Xs``)q2>14.4 GeV2
109 ·Br(KL→µ+µ−)SD
vs. 1010 ·Br(K+→pi+νν¯) Class
· · · 1a
· · · 1b
· · · 2a
· · · 2b
· · · 3a
. . . . . .
Table 10: Selected correlations for classes identified in Table 8 (part 2 of 4).
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Class 108 ·Br(Bs→µ+µ−) vs. Sψφ SφKS vs. Sψφ
. . . . . .
3b: · · ·
4: · · ·
5: · · ·
6: · · ·
7:
Table 11: Selected correlations for classes identified in Table 8 (part 3 of 4).
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104 ·Br(b→sγ)
vs. 106 ·Br(B→Xs``)q2>14.4 GeV2
109 ·Br(KL→µ+µ−)SD
vs. 1010 ·Br(K+→pi+νν¯) Class
. . . . . .
· · · 3b
· · · 4
· · · 5
· · · 6
· · · 7
Table 12: Selected correlations for classes identified in Table 8 (part 4 of 4).
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10 Summary and Conclusions
In the present paper we have performed a detailed analysis of non-MFV effects in the
K, Bd and Bs systems in the SM4, paying particular attention to correlations between
various flavour observables and addressing within this framework a number of anomalies
present in the experimental data.
Similarly as in the LHT model, the RSc model and supersymmetric flavour models
that have been analysed in [31–36], the correlations between various observables that
are characteristic for models with MFV and in particular with CMFV can be strongly
violated in the SM4 while still satisfying all existing data on flavour violating processes
and electroweak precision observables.
Probably, the most striking signature of the SM4, compared to the LHT, RSc and
SUSY flavour models, is the possibility of having simultaneously sizable NP effects in
the K, Bd and Bs systems, even if truly spectacular effects are only possible in rare K
decays with the prominent exception of Sψφ which can also be enhanced by an order of
magnitude. This different pattern can be traced back to the fact that the mass scales
involved in the SM4 are generally significantly lower than in the LHT and in particular
in the RSc. Also the non-decoupling of the new heavy fermions t′ and b′ plays a role
here, whereas an analogous effect does not occur in the LHT, RSc and SUSY.
We recall that in SUSY flavour models, NP effects in the K system are small but
can be large in B physics observables to which dipole operators and scalar operators
contribute. In models with right-handed currents also Sψφ can be large. In the LHT and
RSc models, large effects are found predominantly in rare K decays, although Sψφ can
also be sizable. These three different global patterns of flavour violation in the models
in question could help one day to distinguish between these NP scenarios.
The most interesting patterns of flavour violation in the SM4 are the following ones.
• All existing tensions in the UT fits can be removed in this NP scenario.
• In particular the desire to explain the Sψφ anomaly implies, as seen in Fig. 3,
uniquely the suppressions of the CP asymmetries SφKS and Sη′KS in agreement
with the data. This correlation has been pointed out in [15, 148, 149], and we
confirm it here. However we observe that for Sψφ significantly larger than 0.6 the
values of SφKs and Sη′Ks are below their central values indicated by the data.
• The same anomaly implies a sizable enhancement of Br(Bs → µ+µ−) over the SM3
prediction although this effect is much more modest than in SUSY models where
the Higgs penguin with large tan β is at work. Yet, values as high as 8 · 10−9 are
certainly possible in the SM4, which is well beyond those attainable in the LHT
model and the RSc model.
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• Possible enhancements of Br(K+ → pi+νν¯) and Br(KL → pi0νν¯) over the SM3
values are much larger than found in the LHT and RSc models and in particular
in SUSY flavour models where they are SM3 like. Both branching ratios as high as
several 10−10 are still possible in the SM4. Moreover, in this case, the two branching
ratios are strongly correlated as seen in Fig. 7 and close to the GN bound. For an
earlier analysis see [13].
• Interestingly, in contrast to the LHT and RSc models, a high value of Sψφ does not
preclude a sizable enhancements of Br(K+ → pi+νν¯), and Br(KL → pi0νν¯).
• NP effects in KL → pi0`+`− and KL → µ+µ− can be visibly larger than in the
LHT and RSc models. In particular Br(KL → µ+µ−)SD can easily violate the
existing bound of 2.5 · 10−9. Imposition of this bound on top of other constraints
results in a characteristic shape of the correlation between Br(K+ → pi+νν¯) and
Br(KL → pi0νν¯) shown in Fig. 7.
• The magnitude of the CP asymmetry AbsγCP remains small, but the desire to explain
large values of Sψφ reverses its sign.
• Even in the presence of SM-like values for Sψφ and Br(Bs → µ+µ−), large effects
in the K-system are possible as illustrated by green points in numerous plots.
• For large positive values of Sψφ the predicted value of ε′/ε is significantly below
the data, unless the hadronic matrix elements of the electroweak penguins are
sufficiently suppressed with respect to the large N result and the ones of QCD
penguins enhanced.
• We have also reemphasised [120,121] the important role ε′/ε will play in bounding
rare K decay branching ratios once the relevant hadronic matrix elements in ε′/ε
will be precisely known (see Sec. 7.12 for more details).
Other 4G effects in various observables and correlations between them can be found
in numerous plots in Sections 7–9. In particular, in Section 9, we have addressed the
question of the determination of the parameters of the SM4 with the help of future
measurements employing various scenarios for the scalings of the 4G mixing matrix
angles θ14, θ24 and θ34 with the Wolfenstein parameter λ 1.
In summary, the SM4 offers a very rich pattern of flavour violation which can be
tested already in the coming years, in particular through precise measurements of Sψφ,
Br(Bq → µ+µ−), Br(K+ → pi+νν¯) and, later, SφKs , Sη′Ks and Br(KL → pi0νν¯). Also,
precise measurements of the phase γ ≈ δ13 will be important for this investigation.
We close our detailed analysis with the following important question: Can the SM4 be
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excluded by precise measurements of FCNC processes? The answer is positive, provided
large departures from the SM3 are observed with a different pattern of deviation from
the SM3 predictions than found in our analysis. Let us just list three examples:
• Large values of Sψφ > 0.6 accompanied with SM-like values of Br(Bs → µ+µ−)
will clearly disfavour the SM4 as the explanation of the Sψφ anomaly.
• Similarly, such large values accompanied by the observation of SφKs ≈ Sη′Ks ≈ SψKs
would also put the SM4 into difficulties.
• Finally, Sψφ > 0.3 accompanied by the ε′/ε relevant R6 ≈ R8 ≈ 1 from future
lattice calculations will disfavour SM4 by means of the measured ε′/ε.
It is evident from our analysis and other analyses mentioned in the beginning of our
paper that FCNC processes will contribute in a profound manner to the search for
the 4G quarks and leptons and, in the case of direct discovery, to the exploration of
the structure of their weak mixings. We hope that our numerous plots will help in
monitoring the future data from LHC and high-intensity experiments, with the hope
to firmly establish or firmly exclude the presence of the fourth sequential generation of
quarks in nature.
Note added
Very recently, during the final stages of our work, a detailed study of rare K and B
decays has been presented in [140], see also the discussion in Section 7.3.
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A Relevant Functions
X0(xi) =
xi
8
[
xi + 2
xi − 1 +
3xi − 6
(xi − 1)2 log xi
]
, (A.1)
Y0(xi) =
xi
8
[
xi − 4
xi − 1 +
3xi
(xi − 1)2 log xi
]
, (A.2)
Z0(xi) = −1
9
log xi +
18x4i − 163x3i + 259x2i − 108xi
144(xi − 1)3
+
32x4i − 38x3i − 15x2i + 18xi
72(xi − 1)4 log xi . (A.3)
C0(xi) =
xi
8
[
xi − 6
xi − 1 +
3xi + 2
(xi − 1)2 log xi
]
, (A.4)
D0(xi) = −4
9
log xi +
−19x3i + 25x2i
36(xi − 1)3 +
x2i (5x
2
i − 2xi − 6)
18(xi − 1)4 log xi , (A.5)
E0(xi) = −2
3
log xi +
x2i (15− 16xi + 4x2i )
6(xi − 1)4 log xi +
xi(18− 11xi − x2i )
12(1− xi)3 , (A.6)
D′0(xi) = −
(3x3i − 2x2i )
2(xi − 1)4 log xi +
(8x3i + 5x
2
i − 7xi)
12(xi − 1)3 , (A.7)
E ′0(xi) =
3x2i
2(xi − 1)4 log xi +
(x3i − 5x2i − 2xi)
4(xi − 1)3 . (A.8)
Bµµ¯(xi, yj) =
1
4
[
U(xi, yj) +
xiyj
4
U(xi, yj)− 2xiyjU˜(xi, yj)
]
, (A.9)
Bνν¯(xi, yj) =
1
4
[
U(xi, yj) +
xiyj
16
U(xi, yj) +
xiyj
2
U˜(xi, yj)
]
, (A.10)
with
U(x1, x2) =
x21 log x1
(x1 − x2)(1− x1)2 +
x22 log x2
(x2 − x1)(1− x2)2 +
1
(1− x1)(1− x2) , (A.11)
U˜(x1, x2) =
x1 log x1
(x1 − x2)(1− x1)2 +
x2 log x2
(x2 − x1)(1− x2)2 +
1
(1− x1)(1− x2) . (A.12)
S0(xi, xj) for arbitrary xi, xj is given by [59]
S0(xi, xj) = xixj
(
(4− 8xj + x2j) log xj
4(xj − 1)2(xj − xi) + (i↔ j)−
3
4(xi − 1)(xj − 1)
)
. (A.13)
In the limit of ε→ 0 in S0(xi + ε, xi − ε) one recovers the SM3 version of S0(xi),
S0(xi) =
xi
4
−4 + 15xi − (12− 6 log xi)x2i + x3i
(xi − 1)3 . (A.14)
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